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Abstract The RI method, which has only lately been
developed, has showed outstanding performance in a wide
range of application fields. Convexly linked RI method In
this study, we demonstrate the algorithm’s tracking eval-
uation as well as the findings obtained. It is also possible to
create a formula for the steady state based on the mean
square error (MSE). In this case, it is proposed that a
2-dimensional (2D) form of the technique be used. Com-
parisons have been made between theoretical and experi-
mental results, and it has been discovered that they are in
agreement. Also included in this study are comparisons of
this method with that of NLMS in both additive white
Gaussian noise and additive correlated Gaussian noise
settings, both of which are used in a noise canceling situ-
ation. According to the results of the simulations, the
proposed approach outperforms the NLMS algorithm
is based on MSE as well as the frequency at which it
converges. The 2D form of the approach, on the other hand,
exhibited excellent achievement in the images de-noising.
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1 Introduction

Filtering raw data may be defined as performing standard
processing operations on series of data in order to remove
the unnecessary information. By utilizing well-defined
features, it is possible to create a digital filter with set
coefficients. A filter that updates the coefficients with time
is necessary in some scenarios, such as when the specifi-
cations are not accessible or are time variables. This type of
filter, known as an adaptive filter, is used in these instances.
The field of adaptive filtering has attracted attention of a
large group of scholars during the last few decades. This
interest can be attributed to the numerous application areas
for adaptive filters [1-7]. Least mean square (LMS) algo-
rithm is a well-known adaptive filtering method that has
been used successfully to solve system identification dif-
ficulties for a long period of time. However, the effec-
tiveness of an adaptive filter is often governed by a number
of parameters that provide a trade-off between the rates at
which the adaptive filter converges and the mean-square
error of the adaptive filter in steady state (SS-MSE). Given
that the LMS method is a gradient descent-based technique,
the filter coefficients are updated using a constant step-size
parameter. When it comes to the performance of the
algorithm, this step-size parameter is crucial to consider. A
big step-size results in a rapid convergence but a high mean
square error (MSE), whereas a small step-size value results
in sluggish convergence but a low MSE.

By employing a variable step-size [8—12], this trade-off
may be adjusted in favor of both an improvement in the
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convergence rate and a decrease in misadjustment for the
optimal performance.

The field of adaptive filtering has produced a number of
variable step-size LMS-type algorithms in the attempt to
solve this trade-off. A novel recursive inverse (RI) adaptive
algorithm [13] has been presented by Ahmad et al. When
compared to other adaptive algorithms with lower or
equivalent computational complexity [14], this approach
has demonstrated excellent performance. Several studies
[15, 16] have demonstrated that it performs well in
impulsive non Gaussian noise and non-stationary situa-
tions. On the other hand, the trade-off seen between con-
vergence rate and the MSE, is not completely resolved.
Several convexly combined adaptive filters have been
presented [17-24] in order to solve this trade-off. The
underlying concept behind these ideas is to extract the
quick convergence and low MSE qualities of two adaptive
filters and integrate their performances in a single algo-
rithm. However, the majority of these approaches still
result in an MSE that is relatively high.

The main contribution of this paper is to offer a novel
convexly combined RI adaptive filtering algorithm that,
when compared to the previous solutions, has extremely
high performance through means of convergence rate and
SS-MSE. Also, is to provide a detailed theoretical tracking
analysis of the proposed method. In addition, the derived
theoretical results will be compared to the experimental
ones to show how much they are in match. Furthermore, A
2-dimensional (2D) version of the method, will be pre-
sented in this paper and its performance in image de-
noising will be examined.

The structure of this paper is as follows. The proposed
convexly combined RI algorithm is provided in Sect. 2. In
Sect. 3, the tracking analysis of the algorithm is presented,
and a SS-MSE expression is derived from the results of the
study. In Sect. 4, a 2D convexly combined RI method is
presented. Section 5 presents the findings of the simula-
tions, and Sect. 6 presents the conclusions reached as a
result of the simulation and the future work.

2 The proposed algorithm

Figure 1 depicts the mixture of two adaptive filters under
noise reduction setting, which has been presented in [20].

Starting with the update equation of the RI algorithm
[13],

wiln) = [L— R ()wi(n — 1) + w(mPi(n) (1)
where n denotes the index of time (n = 1,2,...), wi(n) is
the ith filter weight array with length N at time n. N (i = 1,

2), I is an N x N identity matrix, u;(n) denotes the ith
variable step-size, R;(n) stands for the ith autocorrelation
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Fig. 1 Convex combination of two adaptive filters for a noise
cancelation setting

matrix elements that has the tap-input vector and P;(n)
holds the value of the ith cross-correlation vector between
the tap-input vector and desired response, x(n) is the dis-
tance between the tap-input vector x(n) and the desired
response vector d(n) of an adaptive filter. According to the
following, the correlations are evaluated recursively:

R,(n) = BRi(n — 1) + x(m)¥' (1) o)
P;(n) = fP;(n — 1) + d(n)x(n) (3)

The forgetting factor, f§, has a value that is very close to
one.

win) = 4)

where g < flmaxs Himax < 7y @04 Amax (Ri()) is the
highest eigenvalue of R;(n).
The error of each separate filter is denoted by the

notation

ei(n) = d(n) — wj (n — 1)x(n) (5)

and the vector of the desired response can be written as:
d(n) = wox(n) + v(n) (6)

where wq represents the optimum weighted val-
ues vector and v(n) represents the measurement noise. The
outputs of both of the adaptive filters can be merged as per
[23], by using the following expression,

y(n) = Mn)yi(n) + [1 = A1)y (n), (7)

where y;(n) = w! (n — 1)x(n) and convex mixture con-
straint, A(n) is specified by
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2y — EL) =3 00) 04 0) — () g ELE)=E( - 2n)esa(n

E[(y1(n) = y,(n))’] + A(n)era(n))((1 = A(n))eza(n)
where the error signal generated by the previously men- + A(n)era(n))]
tioned combination is: — (1 - A(n))E [ega(n)} (15)
e(n) =d(n) —y(n) = d(n) — Mn)y,(n) — (1 — AMn))y,(n) +24(n)(1 = A(n))Eera(n)esa(n)]

©) 2

3 Tracking analysis + A (E [e%”(n)

This section describes the tracking details of the proposed
method, as well as how the SS-MSE criteria can be
determined from the results of the algorithm. Let’s begin
with the random walk model, which is simple and
straightforward.

wo(n) = wo(n — 1) +q(n) (10)

where q(n) is a zero mean independent and identically
distributed (i.i.d.) random process with covariance matrix
Q = E{q(n)q(n)}. The following is the definition of the
weight error signal of the ith filter:

. (1) = wo(n) = wi(n) (11)

The apriori error and the a posteriori error are described
eia(n) = x" (n)[Wo(n) — wi(n — 1)] (12)
eip(n) =X (n)[wy(n) — wi(n)] (13)

As a result of subtracting the total output of filters in (7)
from the required response, as well as by applying (12) and
(13), we can determine the overall output error (13),

ea(n) :d(n "( Jyi(n) = (1= A(n))y,(n)
= Y2(n) = A(n)y(n)
n)[=d(n) +y,(n) +d(n) = y,(n)]

Evaluate E[e2(n)] using (14),

In order to evaluate E[e2(n)], first we must evaluate the
cross terms in (15),

Ele1 u(n)era(n)] = E[(wy(n) — wi(n — 1))"x
—wy(n —1))]

(m)x" () (wo(n)

(16)

Subtracting both sides of (1) from wy(n) and manipu-
lating, then using (12) and (13) we get

;,l(”) = VNVI(” — 1) — wi(n)x(n)e;(n) + p;(n) Bi&;(n — 1),
(17)
where &;(n—1) = R(n)w;(n — 1) — p(n). Multiplying
both sides of (17) by x’ (n) guides to,
eip(n) = eja(n) — pi(n)x" (n)x(n)e;(n)
+ () x" (n)&;(n — 1) (18)
Substituting (18) in (17) yields
L= =) - w1
W (m)x(n) o 1o
* T o)~ ol (1)
i (n) ix" (n)&;(n — 1)]
Note that
tr{x(n)xT(n)gi(n — 1)} = tr{@i(n — I)XT(n)X(n)}
[2] and, hence,
x(n)x" (n)&;(n — 1) = &(n — 1)x" (n)x(n)
. Reorganizing (19) delivers
~ (n __x) eiqs(n)=r~(n— __xt) eip(n
w,-( ) x”(n)x(n) ia(1) W[( D x"(n)x(n) in(1)
(20)

The result of multiplying both sides of the first filter in
(20) by their counterparts in the second filter is as follows:
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era(n)era(n)

o 5, ) ) = (‘)”:vz(’; -1
eipln)ex ,(n
TN (wyx(n)

(1)

The random walk model is used to construct the given
formula for the average of the inner product of the
weighted error vectors of the two separate filters at the time
instant n, which is written below as,

E[(wo(n) — wi(n = 1)) (Wo(n) = wa(n — 1))]
= E[wo(n — 1) +q(n) —wi(n — 1))  (wo(n — 1)
+q(n) — wa(n = 1))]

— |5 1 a5, 0= 0+ a0
= E[~T(n D)~ (n— 1)] + E[;Vf(n - l)q(n)]

Wi W2

+E [qT(n)VNV (n— 1)] + E[q(n)q(n)] + Tr{Q}

2
(22)

Substituting (22) into (21) and shortening provides,

E[="(n)= (n)] +E[M]

w1 Wo xT'(n)x(n) ea(n)
= E[;vlT(n - l);vz(n - l)} + E[W}
+7r{Q} (23)

in the SS,
Bl (0 () = B[ Ttn = 1) (2 1) (24)
and hence,

el,a(n)e2,a(n) _ el.p(n)ezap(n) r
B | =y | @@

Now, if we substitute (18) in (25) and rearrange we find,

Elera(n)my(n)ex(n)] + E[eza(n)p, (n)ey (n)]
= E[w (n)uy (n)x" (n)x(n)e, (n)ex(m)] + Tr{Q}
Now substitute e;(n) = e;,(n) + v(n) in (26), putting in
mind  that  x7(n)x(n) =~ E{x" (n)x(n)} = o2
[ 4(m)v(n)] = 0 and simplifying,

[e )(e2,q(n) + v(n))]
+ w(n)E [eza( n)(e1a(n) + v(n))]
= 1y (M) () E [x" (n)x(n) (e1 a(n) + v(n))(€24(n) + v(n))]
+Tr{Q}

(26)

and

(27)

substituting (27) in (16) and taking lim,_, ., gives,

@ Springer

lim, . E[e1.4(n)e2q(n)]
= 2(n) [y (Mo ()72 E [x" (n)x(n)] + Tr{Q}]
(28)

1
pi (M) o (R)E[XT (n)x(n)]

t(n) + o (n) —

For a single filter case, we have
lim,_ .. E [ei,a (n)eiq (n)]
1

W EL ) M 7E

[+" (m)x(n)] + Tr{Q}]
(29)

" 2p(n) -

Substituting (28) and (29) in (15) gives
lim, . E [ei (n)}
_ 22(00)(1 — A(o0))

Hi(n) + Ha(n) — py (n)py(n) E[xT (n)x(n)]

x [ () (n)or E[x (n)x(n)] + Tr{Q}]

7\2(00) 2n02 T (m)x(n
o) - Hl(n)E[xT(n)x(n)][ 1o E[x" (n)x(n)]
(1= (o)) NP
+TF{Q}] + 21, (n) — H%(")E[XT(n)x(n)] [HQ(H)O'VE[)C (n)x(n)]
+7r{0}]

(30)

4 Extending to 2D convex recursive inverse
algorithms

If we combine two RI algorithms such as the one shown
below, you can expand the update equation in (1) into a
convex 2D form by following the same concept in [25],

Wi (ki ko) = [I - Hi(n)Ri,n]Wi,n—l(klka) + () Py,
(31)

where w; ,(k1, k2) is the stretched weight vector of 2D form
with size N x N and at time n, i = 1,2,k =0,1,...,N —
I and k, =0,1,...,N — 1. The autocorrelation matrix R;,
and cross-correlation vector P;, are specified as

R n = ﬁRi,n—l —+ X(m] ; m2)XT(m1 , I’I’Iz) (32)

*Pi,n = ﬁPi,nfl + d(mlamZ)X(m17m2) (33)

where x(mj,m;) is the filter contribution input and
d(my,m,) is the looked-for output. The column-ordered
vectors planned the filter input x(my,m;) and tap-weight
vector w; ,(ki, k) in 2-D form for instance, and
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Fig. 2 Rectangular configuration of data-reusing in 2D plane
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x(my,my — N+ 1)
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Figure 2 depicts one possible method of data reusing
[25]. As illustrated in Fig. 2a, we can examine a mask,
consisting of 3 x 3 pixels, which travels horizontally to the
right by a single column at a time till the end of each row
until the end of the mask. Then, starting with the following
row below, the process is repeated until the conclusion of
the last row and column of the image is reached. The data
can be reshaped at the end of each operation of the mask, as
illustrated in Fig. 2b, beginning with the last pixel in the
lower right corner and moving left and up. The output of
the ith filter is determined by the following 2D
convolution:

(b)

N—1N-—
yln ml7m2 g §

ki—

(ki ko)x(my — ky,my — k)

(36)

The output of the 2D convexly combined algorithms can
be computed as [23],

= Mmi,ma)y, ,(mi,my)
+ [1 = h(m1,ma)]y, ,,(m1, ma)

yn(m17m2)
(37)

5 Experimental results

Here, the effectiveness of the presented algorithm is
compared to the theoretical SS-MSE given in (30), as well
as to the performance of the convexly combined normal-
ized LMS (NLMS) method in additive white Gaussian
noise (AWGN) as well as additive correlated Gaussian
noise (ACGN) contexts for the noise cancelation setting
illustrated in Fig. 1. The input signal is considered being a
white Gaussian process with a mean of zero and a variance
of one, as described above. Simulations are carried out with
a filter size of N = 16 taps and 300 independent runs. It is
possible to replace the expectation operation in (8) with the
following:

Py(n) = (1 = )Pe(n — 1) + 72 (n)

where x(n) is the signal to be averaged and v = 0.01.

(38)

5.1 Additive white Gaussian noise

The SS-MSE performance of the convex RI algorithm is
compared to that of the theoretical and observational SS-

@ Springer



2250

Int. j. inf. tecnol. (August 2022) 14(5):2245-2253
Fig. 3 MSE combination 1 01
curves of NLMS
(MSE = —52.4 dB) and RI
algorithms (MSE = —58 dB) in 0
AWGN 10 k&
M
A
IR
1 O-1 N slow NLMS
T v%m
H—= SSMSE
102 LY N Y b
L ‘k' \ N‘Lm
2 I h, fast RI
10.3 L \ % combination RI
‘\1‘ l"w‘u wm
Y /h, combination NLMS
10t L y
ﬁtﬂwmm e }
S \ ‘
5 v
10
nEEE N B N .
-6
10
0 500
iteration
Fig. 4 MSE combination 1 01
curves of NLMS
(MSE = —44.5 dB) and RI
algorithms (MSE = —51 dB) in
ACGN 0
10 i
=
)
¥ .
A T slow NLMS
10 i %W
T
i LAY
w2 H %\ SSMSE fast Rl
® 10 =3 =
! i — combination Rt
-3 combination NLMS
0Dk ,,
T ‘mﬁw i
LLL WWW”M‘»W "}mﬁ"w% e i /
-4 ‘
10 %” — / e - —— ‘-'Z - —
‘HUVWTM W;KJ'AHAWWN WM T . {
e Y '
- e e - b i w
o b
0 500 1000 1500 2000 2500
iteration

MSE performance in the first experiment, which is carried

mean of the AWGN process is considered to be zero and
out in an AWGN setting. The convex RI method’s per-  variance (,—% =2x 1074,

formance is also evaluated against the convex NLMS The following parameters were used in the simulation:
method in terms of convergence rate and the SS-MSE. The  For the convex RI: f; = 0.994, u; = 0.001, 8, = 0.998 and

1o = 0.00003. For the convex NLMS, the values are:
@ Springer
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= 0.45 and u, = 0.1. The performances of the convex RI
and NLMS techniques are depicted in Fig. 3. It can be seen
from the figure that the theoretical and experimental SS-
MSE:s of the convex RI method are in agreement with each
other (—58 dB). On the other hand, when subjected to
identical circumstances, the proposed method converges to
the SS-MSE roughly 350 iterations earlier than the convex
NLMS technique, with an MSE that is 5.6 dB lower.

5.2 Additive correlated Gaussian noise

In order to demonstrate the influence of noise correlation
on the capabilities (both theoretically and experimentally)
of the convex RI approach, it is assumed that the input
signal has been corrupted by an ACGN. Using an AR(1)
process (n(n) = 0.9n(n) + v(n)), where v(n) is an AWGN
process with zero mean and variance 05 =2 x 1074, the
ACGN is formed. Simulations of the algorithms are per-
formed using the same parameters as those used in the
experiment described in Sect. 5.1.

Figure 4 illustrates that the theoretical and experimental
SS-MSE of the convex RI are once again in agreement with
each other. Furthermore, the convex RI technique con-
verges to a SS-MSE with 6.5 dB less than that of the
convex NLMS approach and with a convergence rate that
is nearly 350 iterations faster than the convex NLMS
algorithm.

5.3 MRI image with additive white Gaussian noise

In this experiment, the capability of the proposed technique
in denoising images id examined on an MRI image of a
breast cancer patient. The input image is considered to be
normalized and of size 204 x 204 pixels with 150 Gy
levels, and it has been distorted by an AWGN with zero
mean and variance (02 = 0.3). The parameters used for the
proposed method: f = 0.998 and 1, = 0.0005. For the slow
algorithm: f# = 0.992 and o = 0.000001.

The original image is depicted in Fig. 5a. Figure 5b
depicts an image that has been corrupted by an AWGN.

()

Fig. 5 a Original image of breast cancer, b Original image corrupted
by an AWGN, c¢ Recovered image using the fast RI algorithm
(PSNR = 30 dB), d Recovered image using the slow RI (PSNR =

(d) (e)

33.5 dB), and e Recovered image using the convex combination of
RI algorithms (PSNR = 35.3 dB)
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The image restored by the fast RI technique is depicted in
Fig. 5c. It is easy to observe that the method converges
quickly (the top part of the image is relatively clear).
Additionally, the image’s relative darkness can be used to
determine the image’s relatively high MSE. Figure 5d,
depicts the image that was recovered by the slow RI
technique. The slow convergence and lower MSE of the
slow RI method are indicated by the dark area at the top of
the image and the relatively better reconstructed image,
respectively, which are both visible in the dark region at
the top of the image and the considerably cleaner restored
image. A combination of the higher performance of
Fig. 5c, d is depicted in Fig. Se. Because of this, we can
observe the clear top of the image (which indicates fast
convergence) and a clearer overall image (which indicates
low MSE) in Fig. Se.

6 Conclusion

In conclusion, this paper presented the convexly combined
RI algorithm and its analysis, the SS-MSE criterion is
deduced from the data. Based on the simulation findings,
the experimental data of the convexly combined RI algo-
rithm are consistent with the theoretical results. On the
other hand, the algorithm outperforms the convexly com-
bined NLMS algorithm in both AWGN and ACGN envi-
ronments for the stated noise cancelation setting when
compared to the convexly combined NLMS algorithm. In
addition, a 2D variant of the technique is proposed based
on the consideration of a mask that moves horizontally to
the right by one column at a time till the end of each row, a
2D version has been created to illustrate the concept of a
mask. Then the process is repeated with the following row
below it until the end of the last row and column of the
image is reached, at which point the operation is com-
pleted. The proposed algorithm has demonstrated excellent
performance in image de-noising applications. As a future
work, the convergence analysis of the 2D version may be
investigated. Also, investigating the performances of the
proposed methods in different applications and noise
environments will be a very interesting research topic.
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