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Abstract—Various control systems in engineering problems
are modelled with linear differential equations where a linear
control is used. On the other hand, linear models are not
capable of representing many systems where the control is
applied in a multiplicative ways. These multiplicative controls
yield bilinear systems (BLS). Products of state and control take
part in BLS, which means that state and control are linear
separately but not jointly. In this paper, optimal control of
bilinear systems with a quadratic cost functional is studied. A
distributed parameter system is considered and a bilinear control
is applied to the system. The control problem is turned into
a modal control problem by way of reduced order modelling.
Performance index (cost functional) is defined as a measure of
the dynamic response and a penalty term on control energy.
Pontryagins maximum principle is used to obtain the optimal
control function that leads to a nonlinear two-point boundary
value problem. Optimal control and optimal trajectory of the
system are determined by solving this two-point boundary value
problem using steepest descent method. The programming is done
in MATLAB platform. Numerical results are given in graphics
for showing the effectiveness and applicability of the introduced
bilinear control for a parabolic distributed parameter system.

Index Terms—bilinear system, optimal control, parabolic equa-
tion, steepest descent method

I. INTRODUCTION

Modelling of systems ranging from physical systems to
social systems brings a nonlinearity to computations. Due
to the fact that the linearization of nonlinear systems loses
real features, developing new techniques and strategies are
important to understand their natural properties and to improve
their performance. Bilinear systems (BLS) are specific types
of nonlinear systems: BLS include multiplication of state and
control, that is, they are not linear together although linear
on their own in state and control. In order to approximate
and analyze complex nonlinear systems, BLS are used due
to the simplicity of the system. Thus, modeling and control
of nonlinear systems in a bilinear framework are essential
problems in engineering [1]. Bilinear control processes are
examined in three categories in the literature. Firstly, the
concept of bilinear control that can be seen as a multiplicative
control is applied to linear or nonlinear systems. Secondly, a
bilinear control of distributed and lumped parameter systems
with the concept of diffusivity-interior and boundary control
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is studied. For this type of control problem, a reduced order
model is applied and the corresponding model is a bilinear
system. Thirdly, an optimal control of bilinear systems with
quadratic performance index is searched. Bilinear controls are
used in many types of chemical and biological reactions as
catalysts that can accelerate or decelerate the reaction [2].
Particle accelerators [3], nuclear power plants [4], plasma
[5] and quantum devices [6] are some of the many research
areas where control problems of bilinear systems are studied.
The control of the rod equation and a schrédinger equation
with bilinear control is simultaneously discussed by Kime [7].
Lin, Zhou and Gao [8] studied the bilinear control of linear
parabolic system in the sense of exact controllability. Ouzahra,
Tsouli and Boutoulout [9] examined the heat equation with
bilinear control from the point of exact controllability and gave
explicit control strategy with simulations. Kucuk, Sadek and
Adali [10] studied active vibration control of plates integrated
with distributed piezoelectric actuators by utilizing maximum
principle. Sadek, Abualrub and El Nachar [11] considered
optimal control of a bilinear parabolic equation. Wavelet based
modal space expansion method is proposed to evaluate the
optimal control and trajectory.

In this paper, we will focus on obtaining the optimal control
and trajectories to a parabolic equation with bilinear con-
trol. The model problem studied is used to describe heat
conduction process. The performance index to be minimized
implies that the aim is to sustain the temperature close to its
steady-state temperature value with a minimum expenditure
of control effort. Optimal control laws are determined by
applying Pontryagin’s maximum principle. A nonlinear two-
point boundary-value problem (TPBVP) with split boundary
conditions results from this approach. The obtained TPBVP
is solved by using steepest descent method via MATLAB.
Numerical results are given to show the effectiveness and
applicability of the introduced bilinear control for a parabolic
distributed parameter system.

II. CONSTRUCTION OF OPTIMAL CONTROL PROBLEM

Consider a distributed parameter system describing a heat
conduction process with a source parameter [12]



where v = u(z,t) € Q = Q, x Q is the displacement
of the system at position x and time ¢. p(¢) is the control
function to be determined optimally with external heat source
¢(x,t). The set £, = [0,¢] is a subset of Euclidean space
R! and €, denote a given time interval (0,t) where ts is a
predetermined terminal time. (1) is subjected to the following
initial and boundary conditions, respectively;

o() 2)
go(t), ull,t)=gi(t) 3)

for given functions go(t), g1(¢t) and o(z). Let the admissible
control set be

u(z,0) =
u(0,t) =

Uaa = {p(t) : p(t) € L*(Q0)}.
H((0,¢)) = L*((0,¢)) is a Hilbert space such that
H((0,0) = {p(t) : (0,6) = R, [[p(t)[|* < o0}

The performance index functional [J[p(t)] is specified as a
weighted quadratic functional of the dynamic response which
is to be minimized at the terminal time ¢ subject to (1),

Tp#)] = 1/9 i (a, £ ) + rou (s )] da

2
1 2 L o
+ f/ qu (x,t)dxdt+/ —sp”(t)dt, (4)
2 Ja Q, 2
where r1, 72, ¢ and s are weighting constants satisfying the
condition 71,72, > 0 and s > 0. The last term of (4) is a
penalty term which limits expending large amounts of control
effort.
It is desired to find optimal control function p*(t) € U,q
that minimizes the performance index

Jp* )] = min Jp(t)], )

p(t)EUqd

providing equations (1)-(3).

A. Existence-Uniqueness of the solution and the control

Energy methods that are used to research existence, unique-
ness of a solution are important tools. The origin of these
methods are the physical fact that the kinetic energy of a
physical system expressed as a homogeneous equations of (1)
decreases in time in the absence of external forcing [13]. The
existence and uniqueness of the problem (1)-(3) are discussed
in [14], [15], [16].

The uniqueness of the problem is proved in the following
lemma by means of energy methods, because the uniqueness
of solution of the system yields the uniqueness of control.

Lemma 1: The solution u(z,t) € L*(R™) of (1) subject to
(2)-(3) is unique.

Proof 1: Assume that there are two distinct smooth solutions
uy and ug satisfying the (1). Then their difference, v = u; —
ug, satisfies the (1) with zero initial-boundary conditions, i.e,

Uy = At + p(t)a, 0<z<t, 0<t<ty
i(z,0) =0, (6)
u(0,t) =0, a(l,t)=0.

Now define the “energy” integral as follows

1
Blil = 5 [l )

which is always positive and decreasing, if « solves (1). The
energy arises if one takes inner product (.,.) of @; with @ and
integrates with respect to  over the spatial interval [0, £].

Take the L? inner product (.,.) of this equation with 7 to get

(ata 11) = (Aﬂ, 11) + (p(t)@, ﬂ’)v ®)

Let ||.||o denote the L? norm on RY given by

1/2
Il = ( [ 1rac)

Differentiating with respect to ¢ (7),

d 4 L
dp / iiyda — / U(iin + p(t)3)do

¢ ¢
= / Wligpdr + / p(t)i de. 9)
0 0
Using integrating by parts in the last integral leads to
d 14 14
fE:aazlé—/ aider/ p(t)a’de (10)
di 0 0
we get
d 14 14
—F = —/ a2dx +/ p(t)idx
dt 0 0
< p@)llall.
Then, we get

d, . .
7 Illo < p(®)llallo.

We now apply the Gronwall’s lemma to obtain

ty
lur — uallo < |lur — uali=olloexp (/ p(r)dr) .
0

As an immediate consequence we obtain the uniqueness of
smooth solutions.

The control function p(t) is unique to preserve the uniqueness
of the solution provided by Lemma 1. The system (1)-(3)
is observable because the system has a unique solution and
control function. By taking Hilbert Uniqueness into account,
the observability is equivalent to the controllability [17], [18].
Briefly, the system is controllable.

III. MODAL CONTROL SPACE PROBLEM

In the present section, using reduced order modeling, modal
space expansion, the distributed parameter system (1)-(5) is
transformed into lumped parameter system. New system gives
rise to a bilinear system. In order to achieve the transformation,
first a new parameter w(x, t) is introduced to get homogeneous
boundary conditions.

By letting

(£~ )
‘

go(t) — E91 (1),

w(z,t) = u(z,t) — 7

Y
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in (1), the following new distributed parameter system is
obtained

y 0
Wy — Way = <x€)gm—%gu+pﬁﬂw+( gwgo
+ S0 + o), (12)
subject to
(0 —x) x
’w(l‘,O) = (I) - / gO(O) - ?91(0)7 (13)
w(0,t) = 0, w(l,t)=0. (14)

Theorem 1: Any w(z,t) € H(0,¢) has a unique represen-
tation [19]

o0

w(z, t) = Z Y (2)yn(t)

n=1

(15)

where {¢,,(z)}7%, is a complete orthonormal basis in H (0, ¢)
and y,, () is the temporal term.

Having a modal space expansion gives rise to an infinite-
dimensional system theoretically which makes the problem
physically insurmountable since there will be a large number
of modes to control. Hence, a truncated Fourier series expan-
sion of (15) is taken in the computations hereafter

N
w(@, 1) & Y n(@)ya(t). (16)

Denoting a complete orthonormal basis as

)
V:{v|v,a—ZeH((07£)) and vy =0}  (I7)

and by multiplying both sides of (12) by a basis function v,
the solution w(x,t) of the system satisfies

0 {02 £
ow o“w x—/ x
o E'l}dl' — o wvdfﬁ = /0 ( ; got — zglt)vdl‘

¢

0

+/ plw+ — g0+ 7 g1 )vda

; ] ]
¢

+/ o(x, t)vde

0

where w,v € V. If we use expression (16) for w(z,t) and

v = ¥, 1 < m < oo and using the following notations,we

get the finite dimensional system (D = 8%):

Myn = (d’mﬂ/’n) =

5mn = {1,
0,

L

4
) ¢m(x)wn(x)d$ = Omn

ifm=n

otherwise.

() |

D2 (18)

g — T
P = [ g0 = S0 (ala

£
é _
G'm == / (( ; x) go — %91)1%”@)6& (19)
0
£
Ho = [ o, (o)ds
0
Lm = Fm + Hm; (20)
dz
%:KerszerJrL (21)

where 2(t) = (y1(t),y2(t), ., yn()T € RN, MK €
RVN*N G L € RN and p = p(t) is control vector. The vector
z(t) is the finite dimensional approximation. The initial values
are determined by

yn(o) = (w(x’ 0)7 ¢m)v

,N.

(22)

m,n=1,2,..

IV. DERIVATION OF THE PONTRYAGIN’S MAXIMUM
PRINCIPLE FOR THE BILINEAR SYSTEM

Theorem 2: If we apply the Pontryagin’s Maximum Princi-
ple to bilinear system in (21), a canonical optimality condition
is obtained,

2t) = Kz(t) — s AT () (2(t) + G)? + L
(t) = —Qz(t) — KTA(t) — s~ (2(t) + G)"A*(2)
A(tf) = Rlz(tf) + RQZ tf)

~
~
I

(23)
which is a nonlinear two-point boundary value problem
(TPBVP). In (23), @, R; and Ry are positive semidefinite
symmetric n X n matrices, K, G and L are defined in (18),
(19) and (20), respectively.

Proof 2: Consider the optimal control problem of the

bilinear system (21)-(22)

dz =Kz+pz+Gp+ L,

dt
where z(t) is the finite dimensional approximation of w(z, t)
and p(t) is the control input. K, G and L are defined in
(18), (19) and (20), respectively. The quadratic cost functional
associated with (21) is given by

ming = S Rale(en)] + 5L Rale(ey)]
+ % /t N z(t)TQz(t)dtJr% /t ! sp(t)dt.
where Rinn, = f(f r1m ()Yn(x)dr, Ropmn =

f(frgwm(x)wn(x)dx and Qpn = f(qum(x)wm(x)dx

respectively, for m,n =1,..., N.
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Using the augmented cost functional, we minimize the cost

functional

ty 1
j*[zvpaA] {g(ZTQZ—i—sz)
to

— AT(6)(2(t) — K=(t) = p(t)2(t) — Gp — L)}dt

bl Rale(e)] + Sl Rale(e)]

Introducing the so-called Hamiltonian, the augmented func-
tional becomes

/tf [H(t,z,p, A) — AT2(t)]dt

to

b gl Ralee)] + 3] Roli(e)

T z,p,A] = (25)

If (z,p,A) is a minimizer of J

t
§TF = / f[a—Héz + 8%—)[5]9 LTy S(AT(t)2(t)))dt
to

0z 0 OA
b OAGETR)] + S E] Ralz(t)]) = 0,

After processing of variation operations and using integrating
by parts we obtain firstly,

H, = 0
p(t) —sTIAT(t)(z2 + G)
Secondly,
H. + AT
Alt) =

0
~Q=(t) — KTA(t) — pTA()

Thirdly,
Ha—2(t) = 0
(t) Kz(t) — s *AT (1) (2(t) + G)?* + L
Lastly,
[2(tp)]" Ry + [2(t5)] " Re = AT(t) = 0
Riz(ty) + Raz(ty) = A(ty)

In this proof, Pontryagin’s maximum principle leads to a
nonlinear TPBVP that cannot be solved analytically to obtain
the control law. The difficulty of solving this optimal control
problem is caused by the combination of split boundary values
and nonlinear differential equations.

V. STEEPEST DESCENT METHOD FOR DETERMINING
OPTIMAL CONTROLS AND TRAJECTORIES

In this part, we will discuss one of iterative numerical
techniques for determining optimal controls and trajectories.
Steepest descent method is a procedure for solving nonlinear
two-point boundary-value problems [20].

Suppose that a nominal control p¥) (¢), ¢ € [to, (], is known
and used to solve the differential equations

@) = az0(),pD(¢), 1) (26)
A (2) %(z“)(t),p(”(t%A(“(t),t) 27)

(24)

so that the nominal state-costate trajectory z("), A() satisfies
the boundary conditions

Z(l) (t()) = 20 (28)
, oh .
A = () . 2
(tr) 5, 7 () (29)
If this nominal control also satisfies
oH (D @), pD (), AD(t),t) =0, (30)

ap
then p(t), 2()(t), and A)(t) are extremal. Suppose that

(30) is not satisfied, the variation of the augmented functional
J on the nominal state-costate-control history is

57 =[50 (0) — AO ()] 5x(ty)
o [T 1A+ 00,50 0,400,072
b A0 ), 09 1), A0 (1), 1) (1)

op
+ [a(z9 (), pD(t),t) — 2 ()] T6A(t) }at

where 0z(t) 2 20D (t) — 20 (1), op(t) £ pttD(t) — p(t)
and SA(t) £ ACHD (1) — AG)(¢).
If (26) through (29) are satisfied, then
tr ) , .
67 = [ 124 000),00 0, A9 1), 0] sp(r)a.
to p

Since 67 is the linear part of the increment AJ £

J(UtY) — 7(p®) and the norm of dp, ||ptt) — p@| ,
is small, the sign of AJ will be determined by the sign of
0J. Since our goal is to minimize J, we wish to make AJ
negative. If we select the change in p as

OH®
dp

op(t) = p“tV(t) —pW(t) = —7
with 7 > 0, then
57 = [ o T e <o
o Op Op -
because the integrand is nonnegative for all ¢ € [to,ts]. The
inequality holds if and only if
OH)
dp ! ’

(®),

for all t € [to,tf].
A. Simulation Study

Let consider the following controlled model
U = Uge + p(t)u + e sin(nz)
subject to

u(z,0) = sin(mz)
u(0,t) = 0, wu(l,t)=0.

The solution of the system composed by the nonlinear TP-
BVP and proposed bilinear control is performed by using
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a finite dimensional approximation z(t) of w(z,t) based on
modal space expansion technique. The state equation can be
expressed as a series of orthonormal basis functions w(z,t) &
SN () yn(t) where ¢, (z) = V2sin(nmz), which sat-
isfy the homogeneous boundary conditions. We obtain a finite
dimensional system

(t) = Kz(t) + p(t)=(t) + Gp(t) + L

with initial condition z(0)=0. The performance index to be
minimized is

1 1

T = SO Rala(t)] + 5 ()] Ral2(tp)]
t t

+ 1/ ' 21 Qzdt + 1/ ' sp?(t)dt,
2 Ji, 2 /i,
where the elements of R;, R, and () are weighting fac-
tors that defined by Ry, = fol r1 sin(mmz) sin(nrax)de,
Ropmn = fol rosin(mnz)sin(nrz)dr and Qpn, =
fol gsin(mra) sin(nwx)dz respectively, for m,n = 1,..., N.
We simulate the system (1)-(3) over {p = 0 <t <ty =1
with following parameters: ¢(z,t) = e’ sin(rz), n =m =1,
(=1, ¢, (x) = V2sin(nrz), Y, (r) = V2sin(mnrz).
We select s arbitrarily as 0.1, 1 = 0.1, ro = 0.1 and ¢ = 1.
The costate equation is determined from the Hamiltonian,

H(t,2p ) = (07 Qz(1) + (1)
AT (1) (~K2(t) - p(t)=(t) — Gp(t) — L)
as
AT = _% — Q) — KTA(®) — s (2(t) + G)TA(1)
The algebraic relation that must be satisfied is
% = sp(t) + AT (t)[2(t) + G] = 0.

The boundary condition at t =ty = 1 is A(1) = Ry2(1) +
Roz(1).

MATLAB was used for the solution of the system. Numerical
solution was carried out using a fourth-order Runge-Kutta
method and an integration interval of 0.01 unit. The norm

used was .y .y
—? = —(t)]?dt,
1551 = [ (G

and the iterative procedure was stopped when ||%—7];‘|| <1073
Simulation of the uncontrolled PDE system (1) is shown
in Fig. 1. With p°(t) = 1.0, ¢ € [0,1] and an initial
7 = 0.4, the value of the performance index as a function of
iteration numbers is plotted in Fig. 2. After 27 iterations, the
performance index reduces significantly; however, the rest 53
iterations yield very slight improvement. This type of progress
is typical of the steepest descent method. Spatial temperature
profile of the controlled/uncontrolled of the bilinear system
at the terminal time ¢y = 1 is shown in Fig. 3. The
temperature profiles in time for fixed value of zyp = 0.5 for
controlled/uncontrolled of the bilinear system is shown in Fig.
4. The simulation of the controlled PDE system is plotted in
Fig. 5.

. 02
Time t 0 o

0.6
04

Space x

Fig. 1. Uncontrolled dynamics of system (1)-(3).

0.19

0.18 -
017
0161

\

> 045 kx

0.14 - %

T \

4
0.12 o000,

Final cost is: J=0.11434 -

0.11

lteration number

1 1 1 1 1
0 10 20 30 40 5

1 1
0 60 70 80

Fig. 2. Performance index reduction
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Fig. 3. Comparison of the spatial temperature profile at ¢y = 1
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Fig. 4. Comparison of the temperature profiles in time at xg = 0.5
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Fig. 5. Controlled PDE system simulation at g = 0.5

VI. CONCLUSION

In this study, we discuss an optimal control problem of
a parabolic PDE system with bilinear control by means of
Pontryagin’s Maximum Principle. Wellposedness and con-
tollability of the solution to the system is considered. The
optimal control problem is reduced to solve a nonlinear two-
point boundary value problem by using maximum principle.
The difficulty of solving this reduced differential equations
involving state and costate equations is caused by combination
of nonlinear equations and split boundary values. Steepest
descent method is choosen as a solution technique for TPBVP.
The programming is done in MATLAB platform. Numerical
results are given in graphics for showing the effectiveness and
applicability of the introduced bilinear control for a parabolic
distributed parameter system.
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