A Two Dimensional Inverse Scattering
Problem for Shape and Conductive
Function for a Dielectic Cylinder

Ahmet Altundag

Abstract The inverse problem under consideration is to simultaneously reconstruct
the conductive function and shape of a coated homogeneous dielectric infinite cylin-
der from the far-field pattern for scattering of a time-harmonic E-polarized electro-
magnetic plane wave. We propose an inverse algorithm that combine the approaches
suggested by Ivanyshyn et al. [1-3], and extend the approaches from the case of
impenetrable scatterer to the case of penetrable scatterer. It is based on a system
of non-linear boundary integral equation associated with a single-layer potential
approach to solve the forward scattering problem. We present the mathematical
foundations of the method and exhibit its feasibility by numerical examples.

1 Introduction

The problem is to determine simultaneously both the shape of the obstacle and the
impedance function defined on the coated boundary from scattering of time-harmonic
E-polarized electromagnetic plane waves. In the current paper we deal with dielectric
scatterers covered by a thin boundary layer described by a impedance boundary
condition and confine ourselves to the case of infinitely long coated homogeneous
dielectric cylinders. This restriction provides us to reduce the problem into two
dimension.

Let the simply connected bounded domain D C R? with C? boundary I represent
the cross section of an infinitely long coated homogeneous dielectric cylinder having
constant wave number k; with Im{k;}, Re{k;} > 0 and denote the exterior wave
number of background by ko € R. Denote by v the outward unit normal vector to
I'". Then, given an incident plane wave v’ = e¢/*0*¢ with incident direction given
by the unit vector d, the direct scattering problem for E-polarized electromagnetic
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waves by a coated homogeneous dielectric is modelled by the following conductive-
transmission boundary value problem for the Helmholtz equation: Find solutions
v € H,Lc (R*\D) and v € H'(D) to the Helmholtz equations

Av+kjv=0 inR*\D, Aw+kjw=0 inD (1)

with the conductive-transmission boundary conditions

v ow .
v=w, —=—+inw on I’ 2)
av av
for some continuous function defined in one continuously differentiable real valued
function spacen € C'(I") withn < 0and where the total fieldis givenby v = v’ + v*
with the scattered wave v*® fulfilling the Sommerfeld radiation condition

a S
lim r'/? (a—”r - ikov“) =0, r=|x|, (3)

r—>o0

uniformly with respect to all directions. The latter is equivalent to an asymptotic
behavior of the form

. kol ¥ 1
S O () A )

uniformly in all directions, with the far field pattern vy, defined on the unit circle
£2 in R? (see [4]). In the above, v and w represent the electric field that is parallel
to the cylinder axis, (1) corresponds to the time-harmonic Maxwell equations and
the impedance-transmission conditions (2) model the continuity of the tangential
components of the electric and magnetic field across the interface I".

The inverse obstacle problem we are interested in is, given the far field pattern
Voo for one incident plane wave with incident direction d € §2 to determine simul-
taneously both the boundary I' of the scattering dielectric D and the impedance
function 1. More generally, we also consider the simultaneous reconstruction of I
and n from the far field patterns for a small finite number of incident plane waves
with different incident directions. This inverse problem is non-linear and ill-posed,
since the solution of the scattering problem (1)—(3) is non-linear with respect to the
boundary and impedance function, and since the mapping from the boundary and
impedance function into the far field pattern is extremely smoothing.

For a stable solution of the inverse problem we propose an algorithm that com-
bines the approaches suggested and investigated by Kress and Rundell [2, 3] and
by Ivanyshyn and Kress [1], and extend the approaches to the case of an infinitely
long coated homogeneous dielectric cylinder with arbitrarily shaped cross section
embedded in a homogeneous background. Representing the solution w and v* to the
forward scattering problem in terms of single-layer potentials in D and in R?\ D with
densities &; and &, respectively, the impedance-transmission boundary condition (2)
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provides a system of two boundary integral equations on I” for the corresponding
densities, that in the sequel we will denote as field equations. For the inverse problem,
the required coincidence of the far field of the single-layer potential representing v*
and the given far field v, provides a further equation that we denote as data equation.
The system of the field and data equations can be viewed as three equations for four
unknowns, i.e., the two densities, boundary of the scatterer I", and the conductive
function 7. They are linear with respect to the densities and non-linear with respect
to the impedance function and the boundary.

In the spirit of [1-3], given approximations I ,proxs Napproxs Eduppron > and &
for the boundary I, the impedance function 7, the densities &; and &, we linearise
simultaneously both the field and the data equation with respect to all unknowns,
i.e., the boundary curve, the impedance function, and the two densities. The linear
equations are then solved to update the boundary curve, the impedance function, and
the two densities. Because of the ill-posedness the solution of the update equations
require stabilization, for example, by Tikhonov regularization. This procedure is then
iterated until some suitable stopping criterion is satisfied.

At this point we note that uniqueness results for this inverse impedance—
transmission problem are only available for the case of infinitely many incident
waves (see [5]). A general uniqueness result based on the far field pattern for one or
finitely many incident waves is still lacking.

To some extend, the inverse problem consists in solving a certain Cauchy problem,
i.e., extending a solution to the Helmholtz equation from knowing their Cauchy data
on some boundary curve. With this respect we also mention the related work of
Ben Hassen et al. [6], Cakoni and Colton [7], Cakoni et al. [8], Eckel and Kress
[9], Fang and Zeng [10], Ivanyshyn and Kress [11], Jakubik and Potthast [12]. For
the simultaneous reconstruction of the shape and the impedance function for an
impenetrable scatterers in a homogeneous background we refer to Kress and Rundell
[2], Liu et al. [13, 14]. For the shape or the impedance reconstruction for penetrable
scatterers, i.e., for dielectric obstacles we refer to Altundag and Kress [15, 16],
Altundag [17-20], Akduman et al. [21], and Yaman [22].

The plan of the paper is as follows: In Sect. 2, as ingredient of our inverse algo-
rithm we demonstrate the solution of the forward scattering problem via a single-
layer approach followed by a corresponding numerical solution method in Sect. 3. In
Sect. 4, we describe our inverse algorithm via simultaneous linearisation of the field
and data equation in detail. In Sect.5, we illustrate the feasibility of the method by
some numerical examples.

approx

2 The Direct Problem

The forward scattering problem (1)—(3) has at most one solution (see Gerlach and
Kress [5]). Existence can be proven via boundary integral equations by a combined
single- and double-layer approach (see Gerlach and Kress [5]).
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Here, as one of the ingredients of our inverse algorithm, we follow [15] and suggest
a single-layer approach. For this we denote by

i
Pi(x,y) = 7 HV (klx —y), x #,

the fundamental solution to the Helmholtz equation with wave number & in R? in
terms of the Hankel function Hél) of order zero and of the first kind. Adopting the
notation of [4], in a Sobolev space setting, for k = k; and k = k¢, we introduce the
single-layer potential operators

Sy HV2(I)y - H'*(IN)

by

(Sk)(x) = 2/<Pk(x, MEMY)ds(y), xel, (&)

r

and the normal derivative operators
K, :H™'*(I) - H V*(I")

by

0P (x,y)

(K{£)(x) =2 / DD ey ds, wer ©)
r

For the Sobolev spaces and the mapping properties of these operators we refer to
[23, 24].
Then, from the jump relations it can be seen that the single-layer potentials

wx) = [ @k, (x, ME(Y)ds(y), x €D,
r

} (7
V(X)) = [ P (x, MEo(»)ds(y), x € R\D,
r

solve the scattering problem (1)—(3) provided the densities &; and &, fulfil the system
of integral equations

Sk,€a — Sky&o = 20|,
avi (8)

&+ & +inSy,ba + K &4 — K} &0 = 2 i
r
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Provided ky is not a Dirichlet eigenvalue of the negative Laplacian for D, (7) has
at most one solution. For the existence analysis and uniqueness of a solution, we
refer to [19].

3 Numerical Solution

For the numerical solution of (8) and the presentation of our inverse algorithm we
assume that the boundary curve I" is given by a regular 27 -periodic parameterization

I"'={t(s): 0 =5 < 2m}. €))

Then, via x = £ o ¢{. emphasizing the dependence of the operators on the boundary
curve, we introduce the parameterized single-layer operator

Se : H™'2[0, 2] x C2[0, 2] — H'?[0,27]

by
2
i

Si(x, O (s) == 2/H5”(k|;(s> — (@D LD x(x)d

0

and the parameterized normal derivative operators

K; : H™'2[0, 2] x C[0, 2] — H~'?(0, 2]

by
y ik T - [£0) - £()]
Kl o= | O =]
< H{" (k|¢(s) — £(D)]) 1€ (D) x (x) dT
for s € [0, 277]. Here we made use of H\" = —H\" with the Hankel function H,"

of order zero and of the first kind. Furthermore, we write ¢+ = (¢, —¢;) for a
vector { = ({1, &»), that is, ¢+ is obtained by rotating ¢ clockwise by 90°. Then the
parameterized form of (8) is given by

Sty (X ©) = Sk (x0, &) =20 0 ¢,
Xa + X0+ (10 Sk, (Xa» O) (10)

+K} (xa. 0) — K (0. 0) = Il [¢']* - grad v’ o C.
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The kernels
A(s. 1) = ’5 H k2 (1) — 20 1£'(0))]

and

ik [/ ()1 - [5(2) = $(s)]
2 [ZI1E6) =& ()]

B(s, 1) := HY (k| (s) — ¢() 1E/ ()]

of the operators Si and K + can be written in the form

A(s, 7) = Ay (s, T) In (4sin? 557) + Ay(s, 1),
(11)

B(s,7) = Bi(s, 7)In (4 sin® %) + By (s, 1),

where

1
Ai(s, 1) = o Jo(klg (s) = ¢ ()DIE (DI,

_,)

k)] [¢() — ¢(s)]
Bi(s,t) i=—— Ji(k — "(7)],
105, 7) 7 1 O)1E6) — o) 1(k]g(s) = (DD [E(D)]

Ay(s.T) := A(s, T) — A (s, ) In (4 sin?

By(s, ) := B(s,7) — Bi(s, 1) In (4Sin2 : ; T).

Jo and J; denote the Bessel functions of order zero and one respectively. The functions
Ay, Ay, By, and B, turn out to be analytic with diagonal terms

] C 1 k
As(s,s) = |:% LT In (§|C/(S)|):| 157 (s)]

in terms of Euler’s constant C and

R RO RO
RO =T TR

For integral equations with kernels of the form (11) a combined collocation and
quadrature methods based on trigonometric interpolation as described in Sect.3.5
of [4] or in [25] is at our disposal. We refrain from repeating the details. For a related
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error analysis we refer to [23] and note that we have exponential convergence for
smooth, i.e., analytic boundary curves I".

For a numerical example, we consider the scattering of a plane wave by a dielectric
cylinder with a non-convex apple-shaped cross section with boundary I" described
by the parametric representation

0.540.4coss + 0.1sin2s
1+0.7coss

¢(s) = [ (coss, sins) : s € [0, 271]] (12)

The following impedance functions are chosen in our experiments.
n = —1—0.5sin(s) (13)

N = —2 — cos(2s) — 0.5 sin(s) (14)

From the asymptotics for the Hankel functions, it can be deduced that the far field
pattern of the single-layer potential v* with density & is given by

Voo (X) = V/e_”‘”’e'y%o(y)dS(y), X e, (15)
r
where
e
V= «/87‘[/(() .

The latter expression can be evaluated by the composite trapezoidal rule after solving
the system of integral equations (8) for &, i.e., after solving (10) for x. Table 1 gives
some approximate values for the far field pattern vy, (d) and v (—d) in the forward
direction d and the backward direction —d. The direction d of the incident waveisd =
(1, 0) and the wave numbers are ko = 1 and k; = 4 + 1i, and the conductive function
1, in (14) is chosen. Note that the exponential convergence is clearly exhibited.

Table 1 Numerical results for direct scattering problem

n Reuso(d) Imus(d) Re uxo(—d) Im uso (—d)

8 —0.9246701916 0.1927903437 —0.9330234793 0.2054859030
16 —0.9246830723 0.1927431421 —0.9330023078 0.2053750332
32 —0.9246871867 0.1927361525 —0.9330054172 0.2053781827
64 —0.9246871412 0.1927360822 —0.9330054392 0.2053782645
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4 The Inverse Problem

We now proceed describing an iterative algorithm for approximately solving the
inverse scattering problem by combining the method proposed by Ivanyshyn,
Kress and Rundell [1-3] and by extending from the case of impenetrable obsta-
cles to the case of penetrable scatterers. After introducing the far field operator
Seo : H7Y2(I') — L*(£2) by

(Se) (X) 1=y / e M YE(y)ds(y), %€ 2, (16)
r

from (7) and (15) we observe that the far field pattern for the solution to the scattering
problem (1)—(3) is given by
Voo = Sooo (17)

in terms of the solution to (8). Thus as theoretical basis of our inverse algorithm we
can state the following theorem.

Theorem 1 For a given incident field v\ and a given far field pattern voo, assume
that the boundary I', the impedance function n, and the densities &; and & satisfy
the system of three integral equations

St.€a — Skobo = 20,

. ’ ’ 8vi 8
§a + &0 + inSk,5a + Ky §a — Ky 50 = 25 , (18)
S0060 = Voo.

Then I" and n solve the inverse scattering problem.

The ill-posedness of the inverse problem is reflected through the ill-posedness of
the third integral equation, the far field equation that we denote as data equation.
Note that (18) is linear with respect to the densities and nonlinear with respect to the
boundary I" and the impedance function . This opens up a variety of approaches to
solve (18) by linearization and iteration. In the current paper, we are going to proceed
as follows: Given approximations Iy,,ox and nupprox for the boundary I and the
impedance function 7, and approximations &, and &, for the densities &; and
& we linearise simultaneously both the field and the data equations with respect
to the boundary curve, the impedance function and the two densities. The linear
equations are then solved to update the boundary curve, the conductive function and
the two densities. Because of the ill-posedness the solution of the update equations
require stabilization. For this, we use Tikhonov regularization. This procedure is then
iterated until some suitable stopping criterion is achieved.

approx
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To describe this in more detail, we also require the parameterized version
Sw : H7Y2[0,277] x C2[0,27] — L*(R)

of the far field operator as given by

2T
SelX, O@F) =y / e @ (D) x (D) dT, % € 2. (19)
0

Then the parameterized form of (18) is given by
St (X £) = S (x0. &) = 20 0 ¢,
Xa + X0 +i(n 0 8)S, (xa: )

~ ~ 2 .
+K;, (Xa, §) — Ki (x0, ) = 1l [¢']" - grad v’ o ¢,

(20)
Soo(X05 2) = Voo

For a fixed x the Fréchet derivative of the operator S and K . with respect to the
boundary ¢ in the direction 4 are given by

3Sk(x, ¢3 h)(s)=

2
—ik/(é“(S) — (7)) - (h(s) — h(1))
2 ) 1£(s) — & ()]

x|¢' (@) HV (k[ (s) — ¢ (D)) x (2)dt

2
i [ (@)

0) _
2 ) |§/(‘E)| HO (klé‘(t) ;(T)l)X(t)de

and

IK(x ¢3h)(s)

2
_ ik /[E’L-(h(S) —h(0))+[h"* (£ (s)—¢ (1))
2[57(9)l / 1£(s)—¢(D)]

2L

x|¢' ()| H"(k|¢ () =L () x (T)d T
2

ik 1" (5) =L@ (h(s) =h(r))-(§(s) =& (7))
127(s)] / ()= (0P

+

|2 () [ H{ (k| () — £ () x (T)dT
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2
ik /[E’L-(Z(S)-((f))(h(S)—h(T))-(((S)—C(f))
2[8"()] / l£(s)—¢ (D)

x| (O HY (kZ ()= L () x (T)dT

2
+% B (s)-¢'(s) [Ig"™*(£(s)—=¢(n))
2 g ) 1£(s) — & ()]

x| () H" (k£ () = (D)) x (v)dT

2
ik /[;'L-(;(s)—;(r))h’(r)-:/(r)
21861

[C(s)—=¢ (OIS ()]
x H" (k| (s)—¢ (D)) x (v)d.

Then the linearisation (20) with respect to all variables ¢, n, x4 and xo in the
direction A, 8, 1y and pg, respectively, reads

Sta(tas € + Sk, (as ©) 4 88k, (xas €3 h) — Sk (X0» ©) — Sky (100, ©)
—08, (X0, £ h) = 201 0 ¢ + 2gradvi o ¢ - h,

Xd + ta + X0 + o +1(0 0 Sk, (xa- ©) +1i(n 0 S, (xa- ©)
+K/£d(Xd, C)+K[/¢d(:u“da §)+8Ké(Xda Cah) (22)

—I?;Ugm, ¢) — K, (1o, &) — 3K}, (x0. &3 h)
= |C—,|[§’L ~gradv’ 0 ¢ +20 () - h,
Soc(X0+ ©) + Soo 120+ €) + 8Sa(X0: £ ) = Vs
Here the term o (¢) - & is the form (see [26])

vt vk 9%t vt 920!
v A S AL N A 23
ot 1o " Gver Hp Tty 23)

o) -h=-—

and T and H stand for the tangential vector and the mean curvature respectively.
They are given by
/ "
)
T = {_ and H = —C

b I
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and the matrix form of (22) can be written as

[ {08k, (xXar €3 — 38k, (X0, &3 ) % = T
—2gradv’ o ¢; Zeros} Ska - £) Sta (5 ¢) [4; 6]
{0K; (xa.¢:) — 0K} (x0.¢3 ) =, =, Ita
d ~ ko I+ K, (., I —-K_ (,
E(0): 1S, xa) K GO T K D)
_ _ Mo
8SOO(XO’ {a )a Zeros O SOO(a C)
20" 0 ¢ — S, (Xa» ©) + Sk, (X0» ©)
2 jan d i K/
_ m[; _grady 0 —Xa ! ki (Xd» ) = Xo 24)
+Ki, (X0, ) = i(n 0 Sk, (xa, £)}
i Voo — Soo(X0: &) ]

Now we can describe the method in a short form as follows:
Each iteration step of the proposed inverse algorithm consists of one part.

e Given an approximation ¢ for the boundary, 5 for the conductive function, and yg,
Xo for the densities, we solve the linearized sistem of integral equation (24), for A,
0, g, and [ to obtain updates & + h, n + 0, xa + Ma, and xo + ©o. We continue
this procedure until some stopping criteria is achieved. The stopping criterion for
the iterative scheme is given by the relative error

| VoosN — Voo |l

< €(d),
[l voo |l

where v v is the computed far field pattern after N iteration steps.

As a theoretical basis for the application of Tikhonov regularization from [27] we
cite that, after the restriction to star-like boundaries, the operator .S, is injective
provided k2 is not a Neumann eigenvalue for the negative Laplacian in D.

5 Numerical Examples

To avoid an inverse crime, in our numerical examples the synthetic far field data
were obtained by a numerical solution of the boundary integral equations based on
a combined single- and double-layer approach (see [28, 29]) using the numerical
schemes as described in [4, 23, 30]. In each iteration step of the inverse algorithm
for the solution of the matrix equation (24) we used the numerical method described
in Sect. 3 using 64 quadrature points. The linearized matrix equation (24) were solved
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Table 2 Boundary curves

Types Representations

Apple-shaped (s) = {W(cos s,sins) : s € [0, 2]}
Kite-shaped £(s) = {(coss + 1.3cos2s — 1.3, 1.5sins) : s € [0, 271}
Peanut-shaped (s) = {+v/cosZs +0.25sin s (cos s, sins) : s € [0, 2]}
Rounded triangle ¢(s) ={(2+0.3cos3s)(coss, sins) : s € [0, 2]}

by Tikhonov regularization with an H? penalty term, i.e., p = 2. The regularized
equation is solved by Nystrom’s method with the composite trapezoidal rule again
using 64 quadrature points.

In all our four examples we used an incident wave with the directiond = (1, 0) and
J =5 as degree for the approximating trigonometric polynomials for the boundary
curve, P = 3 as degree for the approximating trigonometric polynomials for the
conductive function, o = 107° as regularization parameter for the data equation,
and the wave numbers kg = 1 and k; = 5 + 1i.

For simplicity, for the stopping rule we chose €(§) the same for all noise levels
since this already gave satisfactory reconstructions.

In according with the general convergence results on regularized Gauss—Newton
method (see [31]) for the regularization parameters we used decreasing sequences

)\.1,” = ‘L'l_n)x]

—n
A =T, A2

with A;, A, positive and 71, 7, > 1 chosen by trial and error. The iteration num-

bers and the regularization parameters A; and A, for the Tikhonov regularization of

boundary ¢ and conductive function 7, respectively, were chosen by trial and error

and their values are indicated in the following description of the individual examples.
In order to obtain noisy data, random errors are added point-wise to v,

|[Vooll

lol

Voo = Voo + 8p

with the random variable p € Cand {Rep,Imp} € (0, 1). For all examples, 2 % noise
level, i.e., § = 0.02 is added into the far-field pattern.

In the first example Fig. 1 illustrates reconstructions after 10 iterations with the
regularization parameters A; = 0.7, 7y = 1.1 and A, = 1.2, 7, = 1.15.

In the second example Fig.2 shows reconstructions after 15 iterations with the
regularization parameter chosen as in the first example.

In the third example the reconstructions in Fig. 3 were obtained after 13 iterations
with the regularization parameter chosen as in the first example.

In the fourth example the reconstructions in Fig.4 were obtained after 15
iterations with the regularization parameters chosen as A; = 1.3, 7y = 1.1 and
)»2 = 08, Ty = 1.5.
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Fig.1 Reconstruction of the peanut-shaped contour in Table 2 (/eft), conductive function 7 in (13)
(middle), and n in (14) (right)
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Fig. 2 Reconstruction of the rounded-shaped contour in Table?2 (left), conductive function n; in
(13) (middle), and n; in (14) (right)
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Fig. 3 Reconstruction of the apple-shaped contour in Table 2 (left), conductive function 7 in (13)
(middle), and n; in (14) (right)
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Fig. 4 Reconstruction of the kite-shaped contour in Table 2 (left), conductive function 7 in (13)
(middle), and 1, in (14) (right)
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Our examples clearly indicate the feasibility of the proposed algorithm with a

reasonable stability against noise. An appropriate initial guess was important to
ensure numerical convergence of the iterations. Further research will be directed
towards applying the algorithm to real data, to extend the numerics to the three
dimensional case.
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