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Abstract—We first prove the existence of the gradient Ricci—Yamabe soliton (briefly GRYS) by con-

structing an explicit example endowed with the Robertson—Walker metric.

Then we focus on the

physical properties of the gradient Ricci—Yamabe solitons satisying Einstein’s field equations, under the
assumptions of different subspaces of Gray’s decompositions. Forinstance, we prove that ifa GRYS space-
time satisfying Einstein’s field equations, in which the gradient of the potential function « is a unit-timelike
torse-forming vector field, belongs to the subspaces B and B’, then it is a Robertson—Walker space-time
with vanishing shear and vorticity. Moreover, its possible local cosmological structures are of Petrov types I,
D, or O. Finally, we obtain the equations of state of a perfect-fluid space-time admitting the GRYS whose

velocity field is a unit-timelike Killing vector field.
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1. INTRODUCTION

In the last half of the 1900s, some flow equa-
tions defined by various systems of partial differen-
tial equations began to be defined and studied fre-
quently. Some of these are the Riemann flow, the
Ricci flow and the Yamabe flow introduced by Hamil-
ton [21], the Ricci-Bourguignon flow introduced by
Bourguignon [6] and the Ricci—Yamabe flow intro-
duced by Giiler and Crasmareanu [19]. In the last
30 years, many mathematicians have become in-
terested in self-similar solutions of these geomet-
ric flows. Some groundbreaking examples in the
literature include the following: Perelman [33] de-
fined Ricci solitons, which are self-similar solutions
of the Ricci flow, and showed that compact Ricci
solitons have a gradient structure. Blaga [3] ex-
tended the study of Ricci solitons to almost n-Ricci
solitons in (LCS),, manifolds. Also, in [4], Blaga
studied the Ricci solitons in general relativistic as-

pects. Giiler and Unal [20] proved the existence
of nontrivial gradient Yamabe solitons on general-
ized Robertson—Walker space-times, standard static
space-times, Walker manifolds and pp-wave space-
times. Blaga and Tastan [5] investigated almost
Ricci-Bourguignon solitons admitting some special
potential vector fields. Moreover, in [25], by using
the Hodge-de Rham decomposition of the potential
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function, it is shown that under some conditions a
compact gradient almost Ricci—Yamabe soliton is
isometric to the Euclidean sphere S™(r).

The main subject of this article are self-similar
solutions of the Ricci—Yamabe flow defined in [19],
which are called gradient Ricci—Yamabe solitons in
[12]: Let (M™, g) be a (pseudo)-Riemannian man-
ifold, and ¢ : M — R be a differentiable function.
Then the sextuple (M, g,9, A, , 5) is said to be a
gradient Ricci—Yamabe soliton (briefly GRYS) if the
following equation

Hessy + aRic = <)\ — ;,&-) g, (1)
holds, where Ric and 7 are the Ricci curvature and
the scalar curvature of (M, g), respectively, Hess) is
the Hessian of ¢, and A\, a,8 € R [12]. The mani-
fold satisfying Eq. (1) is simply referred to GRYS of
(a, B)-type. Particularly, the a-Ricci soliton and the
B-Yamabe soliton are GRYS of type («,0), (0,3)-
type, respectively [12]. A GRYS is called expanding,
steady or shrinking, if A < 0, A = 0, or A > 0, respec-
tively. For recent studies, we refer to [9—11, 13, 24].

This paper is organized as follows: In Section 2,
we first construct an explicit example of a GRYS by
using the Robertson—Walker space-time metric with
spatial coordinates. In Section 3, we investigate the
GRYS with the physical point of view. In Theorem 3
we prove that a GRYS-space-time (M, g, ¥, \, o, ),
in which the gradient of the potential function v is a
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unit-timelike torse-forming vector field, is a perfect-
fluid space-time whose velocity field is Vi, and the
associated scalars given by (29) are constants. Then,
in Theorem 3, it is proved that the isotropic pres-
sure and the energy density of this space-time are
constants, and the expansion scalar and the accel-
eration vector of the fluid vanish. In Section 4, we
examine the cases where GRYS-space-time belongs
to subspaces in Gray’s decomposition, respectively.
For instance, in Theorem 6, we prove that ifa GRYS-
space-time satisfying Einstein’s field equations, in
which the gradient of the potential function v is a
unit-timelike torse-forming vector field, belongs to
the subspaces B and B’, then it is a Robetson—
Walker space-time with vanishing shear and vorticity.
Moreover, its possible local cosmological structures
are of Petrov type I, D, or O. Finally, in Theorem 9, it
is shown that If a perfect fluid space-time satisfying
Einstein’s field equations admits a (M, g, ¥, \, o, B)
GRYS whose velocity field is a unit-timelike Killing
vector field V4, then it represents a phantom era.

2. EXISTENCE OF GRYS:
AN EXPLICIT EXAMPLE

Let (7,0, ) be spatial coordinates, and A(t) de-
note the expansion scalar of cosmic time. Then the
flat Robertson—Walker space-time metric is

ds? = dt* — A%(t)[dr? + r2(d6?* + sin? 0dp?)]. (2)

Assume that (29 2!, 22, 2%) = (t,7,0,p) represent

the standard coordmates of R*  Then the only
nonvanishing components of the Christoffel symbols,
the curvature tensor and the Ricci tensor are obtained
as follows:

9, = AA, T, =AA"?
19y = AA'r?sin?0,

A/

A )

I, = —rsin? 6,

1
3., =
13 — 7’

I‘01 I‘02 FgS =

F22 - _T7
Fl2 = F%l = F31

I'2; = —sinf cos¥,
33 = T3, = cot 0, (3)

n
I
Ricy; = —[A” +2(4")7,
Ricoy = —r2[A" + 2(A4")?],
—rZsin? [A” + 2(A")?], (4)

RiCOO =3

Ricgs =
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and the components which can be obtained from
these by symmetry properties. Also, the scalar cur-
vature is given by

AN AN 2
TZG[AJr(AH’ )
where the prime denotes derivatives with respect to
t. To construct some explicit examples of a GRYS
with the potential function v, now we evaluate the

components of the Hessian tensor by using the metric
(9) as follows:

(Hess)go = 9",

A/
(Hessy)o1 = ¢ — A Y,

A/
(Hesst)oz = vp — 1/16,

A/
(Hessy))oz = 1y, — 4 Yo

(HeSSﬂ))H — 1[)7"7" - AA/W’

(Hessy))12 = 99 — 71}/16,
1
(HESS’(/J)lg = ¢r<p - T¢<py

(Hesstp)oo = thgg — AAT*Y + ripy,
(Hessv)23 = fo, — ctg 01g,

(Hesst))sg = o, — 17 sin® O AA"Y
+ 7 sin? 04, + sin @ cos Oy, (6)

where subscripts denote partial derivatives with re-
spect to the corresponding variables. Then, the fun-
damental equation of GRYS given by

1
257) g

yields the following system of partial differential equa-
tions to solve the potential function #:

B
2’

+t()\ 35) (7)

Hessy + aRic = <)\ —

"=A-3

1/;_

by choosing the soliton constant o = 1, the expan-
sion scalar A(t) = t, and the potential function ¢ as a
function of only ¢.

Therefore, the solution of the system (7) yields

A
= 2152—11a|7§|—|—u, where p € R,

ﬁ:—;, and )€ R. (8)

Hence we can state that:
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Theorem 1. Let (M*, g) be a manifold endowed
with the Robertson—Walker metric

ds? = gijdz'de? = dt* — t*[dr*
+ r2(d6? + sin® 0dp?)). (9)

where t denotes time, {r,0,p} are spatial co-
ordinates, and (2°,z', 2% 2%) = (t,r,0,p). Then
(M4vgaw = ;\tQ —1H|t| +uAa=18= _é) is a
nontrivial GRYS-space-time, where A and u are
arbitrary soliton constants.

In the particular case if we choose the expan-
sion scalar A(t) = ¢ = const, the metric (9) becomes
Ricci-flat. This metric is simply a Minkowski metric
and thus a trivial example of a Ricci-flat Robertson—
Walker space-time. But still the fundamental equa-
tion of GRYS space-time can be solved with a poten-
tial function being a linear function of ¢ as follows:

Corollary 1. Let (M*,g) be a manifold en-
dowed with the Minkowski metric

ds? = g;jda’dx! = dt* — *[dr?

+ r2(d6? + sin? 0dp?)], (10)

where c € R, t denotes time, {r,0,¢} are spatial
coordinates, and (z°,z', 22, 2%) = (t,r,0, ). Then
(M*, g, = pt +~v,A = 0,0, B) is a Ricci-flat and
steady GRYS space-time, where i, o, 5 and X are
arbitrary soliton constants.

3. GRYS FROM A PHYSICAL POINT
OF VIEW

In general theory of relativity, perfect fluids are
of great importance for being special solutions of
Einstein’s field equations having vanishing shear
stresses, viscosity and heat conduction compatible
with the Bianchi identities. It is known that perfect
fluids are the best model for the matter content of the
isotropic universe. For these reasons, the geometric
and physical properties of perfect fluids are very
important areas of study.

An n-dimensional Lorentzian manifold (M",g)
satisfying the Ricci condition

Ric =ag+bn®mn, (11)

where a,b are some scalar fields, U is a vector field
such that n(X) = ¢g(X,U) for all X € x(M), and
g(U,U) = —1is said to be a perfect-fluid space-time.
The timelike vector field U is defined as the velocity
vector field of the perfect fluid space-time.

Equivalently, Eq. (11) can be written as

QX =aX + n(X)U, (12)
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where @ is a (1,1)-type Ricci operator defined by
Ric(X,Y) = g(QX,Y), for any vector fields X,Y".
Equation (12) also yields the scalar curvature as

T=an—b.

(13)

Many studies have been done on perfect fluids in
the recent years by De and Suh [8], Mallick and De
[26], Giiler and Altay Demirbag [17, 18] with many
different points of view. The equation of state of a
perfect fluids in an isotropic universe corresponds to
Robertson—Walker space-times. They satisfy Ein-
stein’s field equations and describe isotropic, expand-
ing or contracting, homogeneous universes. Since
the scale factor of the universe is derived as a function
of time, the metric of the Robertson Walker space-
time can be expressed as a certain warped product
metric (see Section 2). In [1], Alias introduced the
notion of a generalized Robertson Walker space-time
(M*, g) as a warped product endowed with the metric

g=—dt* @ f(t)%g", (14)

where ¢* is the metric of the (n — 1)-dimensional
Riemannian manifold M*, and f:I — (0,00) is a
smooth function. i, in particular, g* is the metric
of a 3-dimensional Riemannian manifold of constant
curvature, then (M*, g) is called a Robertson Walker
space-time. Because of this reason, a generalized
Robertson—Walker space-time is a generalization of
the Robertson—Walker space-time. Moreover, every
Robertson—Walker space-time is a perfect-fluid one,
but the converse statement is not generally true.
In dimension 4, a generalized Robertson—Walker
space-time is a perfect-fluid one if and only if it is
a Robertson—Walker space-time. For more, we refer
to[7, 27, 29.

The energy momentum tensor of perfect-fluid
space-times is described as

T(X,Y) = (0 +p)B(X)B(Y) +pg(X,Y), (15)

where ¢(X,U) = B(X), B(U) = —1, for all vector
fields X,Y, with o the energy density, and p being
the isotropic pressure. The unit timelike vector field U
denotes the velocity field [32]. While the energy mo-
mentum tensor T gives information on the physical
properties of space-time, the Ricci tensor controls the
geometry of space-time. In general relativity, they are
associated to each other by Einstein’s field equations
[32] given by

Ric(X,Y) — ; g(X,Y)=rT(X,Y)  (16)
where Ric is the (0,2)-type Ricci tensor, 7 is the
scalar curvature, and & is the gravitational constant.
By virtue of Eq. (16), the energy momentum tensor
is a divergence-free and symmetric tensor [32]. By
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using (15) into (16) and comparing with (11), we
obtain the relations:
K(p — o)

a= , b=r(p+o).

5 _p (17)

Moreover, o and p are bounded by the equation
p = p(o,Ty), where the absolute temperature is indi-
cated by Tj in the perfect fluid. If p = p(o), the perfect
fluid is said to be isentropic, [23], and if p = o, the
perfect fluid is said to be stiff matter [38].

If we take a covariant derivative of (12), we obtain
(VyQ)(X) = da(Y)X +db(Y)n(X)U
+O[(Vyn)(X)U +n(X)(VyU)],

forall X,Y € x(M).

Now, assume that the velocity vector field U of a
perfect-fluid space-time is a unit torse-forming vector
field, introduced by Yano [39]. Then we have

ViU = ®[X + 5(X)U], (19)

where @ € R. Equivalently, for the dual form n, we
have

(18)

(Vxn)(Y) = @[g(X,Y) + n(X)n(Y)]

= (Vyn)(X) (20)
Thus dn =0, i.e.,nis aclosed 1-form.
By putting Y = U in (11), we have
Ric(X,U) = (a—b)n(X), VX ex(M). (21)

[t is known that the space-time (M, g) is a gener-
alized Robertson—Walker space-time if and only if it
admits a unit timelike torse-forming vector field given
asin(19)and (21)[27],

R(X,Y)Z
=VxVyZ -VyVxZ - Vxy]Z. (22)
By putting Z = U into (22) and using (19), we obtain

R(X,Y)U = ®*n(Y)X —n(X)Y]. (23)
Contracting (23) over X, we get
Ric(Y,U) = (n — 1)®*n(Y). (24)
Thus, comparing (21) and (24), we have
®*(n—1)=a—b, (25)

which yields that a — b is a constant.

Now, assume that the gradient of the potential
function ¢ of the GRYS is a unit-timelike torse-
forming vector field, whose dual 1-form is . Then
by (19) we have

Vx Vi = @[X + n(X)Vi], (26)
which gives us
(Hessy)(X,Y) = @[g(X,Y) + n(X)n(Y)]. (27)
GRAVITATION AND COSMOLOGY Vol.31 No. 1

Then by using (27) in the fundamental equation (1) of
the GRYS, we conclude that

Ric=ag+bn®n, (28)

where

1 1 o
a="[r= 5r—<1>], and b=—.
« 2 «

(29)
By virtue of (28) and (29), we conclude that:

Theorem 2. Let (M,g,v,\ o, ) be a GRYS-
space-time. If the gradient of the potential
function 1 is a unit-timelike torse-forming vector
field, then (M,g) becomes a perfect-fluid space-
time whose velocity field is Vi, and the associ-
ated scalars given by (29) are constants.

In view of Theorem 2, taking into account that
U =V, Eq. (18) yields

(VyQ)(X) = b[(Vyn)(X)Vy
+n(X)(Vy V)], (30)

forall X,Y € x(M). Putting X = Vv into (30), we
get

(VyQ)(V) = =bVy V. (31)
Moreover, putting Y = V1) into (27), we get
VgV = 0; (32)

i.e., the integral curves of the velocity field Vi are
geodesics.

Since a,b e R, by (17), for a 4-dimensional
perfect-fluid space-time (M, g), the isotropic pres-
sure and the energy density are constants and are
given by
_ 2a+b and _b—2a
2k P= 9x -

[t is very-well known [32] that the energy and
force equations for a perfect-fluid space-time with the
velocity field V4 are given by

g

(33)

(VY)o = g(Vo, Vi) = —(o + p)div(Vy),  (34)
and
(0 +p)(VeypVy) = =Vip
= —Vp—g(Vp, V)V, (35)

where the spatial pressure gradient V p is the com-
ponent of Vp orthogonal to V.

Since o is constant, it follows from (34) that either
o+ p=0ordiv(Vy) = 0. Also, since p is constant
from (35), we get either o +p =0 or Vg, Ve = 0.
If o +p =0, the matter content satisfies the vacu-
umlike equation of state, so we may take o + p # 0.
Thus div(Vy) =0, i.e., the expansion scalar van-
ishes. Also, we have Vv, Vi = 0, i.e., the accelera-
tion vector vanishes. Thus we can state the following:

2025
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Theorem 3. Let (M,g,¢¥,\,,3) be a GRYS
space-time. If the gradient of the potential

function v is a unit-timelike torse-forming vector
field, then

1. the integral curves of the velocity field V)
are geodesics;

2. the isotropic pressure and the energy den-
sity of the fluid are constants;

3. the expansion scalar and the acceleration
vector of the fluid vanish.

4. GRYS FROM GRAY’'S DECOMPOSITIONS
POINT OF VIEW

Gray [15] asserted that the covariant derivative of
the Ricci tensor VRic can be decomposed into O(n)-
invariant terms. This decomposition introduced the
six classes of Einstein-like manifolds whose Ricci
tensors satisfy some condition on each subspace. In
[30, 34], Mantica et al. obtained the form of the
Ricci tensor in all O(n)-invariant subspaces in the
generalized Robertson Walker space-times. Accord-
ing to this study, in all cases except one, the space-
time reduces to an Einstein space or has the matter
content of a perfect fluid.

In[31], it is shown that VRic can be written as

(VzRic)(V,W) = R(Z, V)W + a(Z)g(V, W)

+B(V)g(Z, W)+ BW)g(V,Z),  (36)
for all vector fields Z, V, W, where
n
OZ(Z) = (Tl . 1)(7'L + 2)V27—7
sz =, "TF v (37)

2(n — 1)(n + 2)

with R(Z,V)W = R(Z,W)V being the traceless
tensor that can be written as a sum of its orthogonal
components,

R(Z, V)W = ;[R(Z, VYW — R(V, Z)W]

4 é[é(z, V)W — R(W, Z)V]
+ L [REVIW + RV, W)Z + ROV, 2)V]. (38)

The decompositions (36) and (38) provide an
O(n)-invariant subspace, characterized by invariant
equations that are linear in (VzRic)(V, W).
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Therefore, the relation between VRic and the di-
vergence of the Weyl conformal curvature tensor C'
can be given by the equation [31]

(div C)(Z, V)W = Z - ;’[R(Z, V)W
— R(W, Z)V]. (39)

From now on, we assume that (M, g, ¥, A\, o, B) is
a GRYS space-time satisfying Einstein’s field equa-
tions in which the gradient of the potential function 4
is a unit-timelike torse-forming vector field.

According to Gray’s decomposition, we may in-
vestigate the following different subspaces.

4.1. Trivial Subspace

This subspace is characterized by the condition
VRic =0. If (M,g,%,\ a, ) belongs to the triv-
ial subspace, then as the scalar constant b # 0, by
Eq. (31), we have Vy V¢ =0 for all Y € x(M), so
the velocity field is parallel. By combining this result
with (16), we obtain VT = 0. Therefore, we can state
that:

Theorem 4. Let (M,g,v, A\, «,3) be a GRYS
space-time satisfying Einstein’s Jield equations
in which the gradient of the potential function 1
is a unit-timelike torse-forming vector field. If
(M, g,9,\, a0, B) belongs to the trivial subspace,
then

1. the velocity field is parallel;

2. the energy-momentum tensor is covari-
antly constant.

4.2 SubspaceT

This subspace is characterized by R(Z, V)W = 0,
ie.,

(VzRic)(V, W) = a(Z)g(V, W)
+wWV)g(Z,W) +wW)g(V, Z). (40)

By the relation (39) between the gradient of the
Ricci tensor and the divergence of the Weyl confor-
mal tensor, in this subspace, div C'=0 holds. i
(M, g,¢%,\,«, B) belongs to the subspace Z, then

by (33) we have 0 +p = = const, i.e., it satisfies

K
the p = p(o)-like equation of state. Combining all
these results with the Shepley—Taub classifications
of space-times containing perfect fluids and having
a vanishing conformal divergence [37], we conclude
that:

No.1 2025
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Theorem 5. Llet (M,g,¥,\,«,3) be a GRYS
space-time satisfying Einstein’s field equations,
in which the gradient of the potential function
is a unit-timelike torse-forming vector field. If
(M, g,9,\,«, B) belongs to the subspace I, then

1. (M,g)is conformally flat;

2. (M, q) is endowed with the Robertson Wal-
ker metric;

3. the flow of this space-time is irrotational,
and it has no shear.

4.3. Subspace A (or Orthogonal ComplementT')

This subspace is characterized by
(VzRic)(V, W) + (VyRic)(Z, W)

+ (VwRic)(Z,V) = 0. (41)

That is, Ric is cyclic-parallel, and so the scalar curva-
ture 7 is constant. By taking the covariant derivative
of the Einstein field equation (16), we get

(VRO W)~ D g, w)

= K(VZT)(V’ W)7

for all Z,V,W € x(M).
yields

(42)

Since 7 is constant, (42)

(V2T) (VW) + (Vv T)(Z, W)
+(VwT)(Z,V) =0, (43)

forall Z,V,W € x(M). This means that T"is Killing.

In [36], Sharma and Ghosh proved that for a
perfect-fluid space-time admitting the Killing ener-
gy-momentum tensor, the expansion scalar and the
shear tensor vanish, however, the vorticity tensor may
or may not be zero. Thus we can state that:

Theorem 6. Let (M,g,¥,\,«,3) be a GRYS
space-time satisfying Einstein’s field equations,
in which the gradient of the potential function
is a unit-timelike torse-forming vector field. If
(M, g,9,\, «, B) belongs to the subspace A, then

1. the energy-momentum tensoris Killing;

2. the flow of the space-time is expansion-
free and shear-free, however, not necessar-
ily vorticity-free.
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4.4. Subspaces B and B’

These subspaces are characterized by a Codazzi-
type Ricci tensor, i.e.,

(VzRie)(V, W) = (VyRic)(Z, W),  (44)

for all Z,V,W € x(M), and so again 7 is con-
stant. A 4-dimensional Lorentzian manifold having
a Codazzi-type Ricci tensor is called “Yang’s pure
space.” In[16], Guilfoyle and Nolan proved that the
necessary and sufficient condition for a 4-dimensional
perfect-fluid space-time (M,g) with o +p#0 to
be Yang’s pure space is that (M, g) is a Robertson
Walker space-time. Shaikh et al. [35] proved that in
such a perfect fluid with Codazzi type energy momen-
tum tensor, the fluid is shear-free and vorticity-free.
Petrov [34] made a classification that divided
space-time into 6 types denoted as O, I, II, III, D,
N. In [2], Barnes proved that if a perfect fluid space-
time is shear-free, vorticity-free, and the velocity
vector field of the fluid is hypersurface orthogonal,
and the energy density is constant over a hypersur-
face orthogonal to the velocity vector field, then the
possible local cosmological structures of space-time
are of Petrov type I, D or O. According to all these
discussions, the following result is obtained:

Theorem 7. Let (M,g,v, A\, a,3) be a GRYS
space-time satisfying Einstein’s field equations,
in which the gradient of the potential function 1
is a unit-timelike torse-forming vector field. If
(M, g,9,\, a0, B) belongs to the subspaces B and
B', then,

1. (M,g) is Yang’'s pure space, provided that
the matter content is not vacuum,

2. (M, q)is a Robetson—Walker space-time,
3. (M, g) has vanishing shear and vorticity,

4. the possible local cosmological structures
of (M, g) are of Petrov type I, D, or O.

4.5. Subspace & A

This subspace is characterized by the extended
cyclic condition

(VzRic)(V,W) + (VyRic)(Z, W)
+(VwRie)(Z, V) = 26:(+Z2) (V. W)

dr(V) dr(W)
ZW)+2
n+2ﬂ’ )+ n+2

But we already know that the scalar curvature 7 is
constant for the GRYS space-time (M, g, ¢, \, o, B)

+2 g(Z, V).  (45)
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satisfying Einstein’s field equations, in which the gra-
dient of the potential function ¢ is a unit-timelike
torse-forming vector field. Therefore, this subspace
directly reduces to subspace A, and Theorem 6 is still
valid if (M, g) belongs to the subspace Z & A.

4.6. SubspaceT & B

This subspace is characterized by the extended
Codazzi condition
V2 [Rie(V, W) -

o(n — 1)
NIENCA o] R

which implies that the Weyl conformal curvature ten-
sor C'is divergence-free. Therefore, Theorem 5 is still
valid if (M, g) belongs to the subspace Z @ B.

v.w)]

- vv[Ric(z, W) —

4.7. Subspace A & B

In this subspace, without any restrictions, the
scalar curvature is constant. For a 4-dimensional
perfect-fluid space-time (M, g), from (13), we have

7 =4a — b = const. (47)
From (17), (47) follows the equation of state
p="40C, where CeR (48)

3

Theorem 8. Llet (M,g,¥,\,«,3) be a GRYS
space-time satisfying Einstein’s field equations,
in which the gradient of the potential function
Y is a unit-timelike torse-forming vector field.
[ (M, g,%,\,«,8) belongs to the subspace A®
B, then the space-time satisfies the state equa-
tion (48). If, in particular, the scalar cuvature
vanishes, then the space-time satisfies the state
equation o = 3p, i.e., the space-time represents
the radiation era.

4.8. Further Analysis

Before finishing our classification, let us now con-
sider the case of (M, g,v, A\, a, 3)’s velocity vector
field Vi being a unit-timelike Killing vector. Then,

(Lypg)(X,Y) =0, VXY €x(M). (49
From the fundamental equation (1) on GRYS space-
time, we have

1
VxViy+aQX = <)\— 257’) X. (50)
By taking a covariant derivative of (50), we get for all
X, Y e x(M):
VyVxVy+ a(VyQ)X + aQ(Vy X)
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- Laavx + <A - ;ﬁr> (VyX).  (51)

If X and Y are replaced in Eq. (51), we get for all
X,Y € x(M),
VxVyViY+a(VxQ)Y +aQ(VxY)

1 1
— — BAX(D)Y + ()\ - 2BT>(VXY). (52)
Moreover, from (50) we have
V[X’y}Vﬂ) +aQ[X,Y] = <)\ — ;ﬂ7’> [X,Y]. (53)

From the last 3-equations (51)—(53), we obtain
R(X,Y)Ve = ~a[(VxQ)Y — (VyQ)X]

BlAX (r)Y — dY () X]. (54)

1
2

By virtue of (18), Eq. (54) yields
R(X,Y)VY = —a [da(X)Y + db(X)p(Y) Ve

+0[(Vxn)(Y)VY +n(Y)(Vx V)]
— da(Y)X — db(Y)n(X) Ve

= b[(Vyn)(X)Vep +n(X)(Vy V)]

BlAX (r)Y — dY () X]. (55)

1

2
Contracting (55) over X, we get

Ric(Y,Vy) = a(n — 1)da(Y) — adb(Y)

—ad®)(VY)n(Y) + b(Vyy)(Y) + bn(Y)div(Vy)
+ ;,B(n —1)dr(Y). (56)

Also, from (11), for a perfect-fluid space-time with the
velocity field V4, we have

Ric(Y, Vo)) = adyp(Y) — by(Y).  (57)

Putting Y = V1 in the last two equations and com-
paring them, we get

3ada(Vi) — bdiv(Va) + ;’ Bd(4a — b) (V)
=—a+b. (58)

In ([14], p. 89), Duggal and Sharma proved that for
a 4-dimensional perfect-fluid space-time admitting
a timelike Killing velocity field Vv, Lyy,0 =0 and
Lyyp =0. Thus by (17), da(Vy) = db(Vi) =0,
and also since V is Killing, div(Vey) = 0. Thus a =
b follows from (58). Finally, by combining this relation

with (17), the following equation of state holds:
oc+3p=0 (59)

As a result:

No.1 2025
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Theorem 9. If a perfect-fluid space-time
satisfying Einstein’s field equations admits a
(M, g,%,\, 0, B) GRYS whose velocity field is a
unit-timelike Killing vector field Vi, then it
represents a phantom era.
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