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Abstract: The aim of this short note is to produce new examples of geometrical flows associated to a given Riemannian
flow g(t). The considered flow in covariant symmetric 2-tensor fields will be called Ricci—Yamabe map since it involves a
scalar combination of Ricci tensor and scalar curvature of g(¢). Due to the signs of considered scalars the Ricci—Yamabe
flow can be also a Riemannian or semi-Riemannian or singular Riemannian flow. We study the associated function
of volume variation as well as the volume entropy. Finally, since the two-dimensional case was the most commonly

addressed situation we express the Ricci flow equation in all four orthogonal separable coordinate systems of the plane.
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1. Introduction
The recent applications of the Hamilton—Ricci flow ([8]) in Perelman’s proof of the geometrization conjecture and
Brendle-Schoen’s proof of the differentiable sphere theorem attract the attention to the geometry of Riemannian
flows. These flows and other general geometric flows have been applied to several topological, geometrical, and
physical problems and we cite only some of them: the mean curvature flow, the K&hler—Ricci, Calabi and
Yamabe flows, the curve shortening flows and so on.

The present paper aims to introduce a scalar combination of Ricci and Yamabe flow under the name
of Ricci—Yamabe map. Due to the signs of involved scalars (« and /) the Ricci-Yamabe map can be also a
Riemannian or semi-Riemannian or singular Riemannian flow. This kind of multiple choices can be useful in
some geometrical or physical (e.g., relativistic) theories. Another strong motivation for our map is the fact that,
although the Ricci and Yamabe flows are identical in dimension two, they are essentially different in higher
dimensions. Let us remark that an interpolation flow between Ricci and Yamabe flows is considered in [7] under
the name Ricci-Bourguignon flow but it depends on a single scalar, see also the pages 79-80 of the book [6].
A normalized version of Ricci-Bourguignon—Yamabe flow is studied in [13] from the point of view of spectral
geometry.

In the first section we introduce and discuss five examples of Ricci—Yamabe maps: conformal (particular
cone), convex-Euclidean, generalized Poincaré, generalized cigar flow, and time-dependent 2D warped metrics;

a sixth example, consisting of gradient flows introduced by Min-Oo and Ruh in [14], is very briefly recalled due
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to its relationship with the Ricci flow. For some of them, the general dimension n is too complicated from the
point of view of their Ricci tensor and scalar curvature and then the case n = 2 is particularly analyzed with
respect to the (global sometimes) coordinates (u,v); in this way the present study can be useful in the shape
analysis of surfaces following the path of [17]. Also, for an («, 8)-Ricci-Yamabe flow we express the variation
of some geometrical quantities: the Christoffel symbols, the scalar curvature and the volume form.

Another main topic studied for the introduced Ricci-Yamabe (RY) map is the volume variation to which
the second section is devoted. The given Riemannian flow ¢(t) will be called (o, 3)-RY-expanding or steady
or shrinking if this variation is positive, zero, or negative, respectively. For the example of generalized cigar
flow with an exponential potential we derive all three possibilities: expanding, steady, and shrinking. Also, we
get two examples of (a, 8)-RY-expanding flows which are uniform i.e. they depend only on the time variable
t and not on the coordinates of M. We finish the second section with a study of the volume entropy for an
(e, B)-Ricci-Yamabe flow following the technique of [16].

In the last section we study a generalization of the conformal example. More precisely, we allow a general
conformal transformation f(t,z,y)(dz? + dy?) of the Euclidean plane metric and its corresponding Ricci flow
equation. The previous coordinate system (z,y) being provided by the Euclidean geometry can be without
a geometrical or physical significance for a different geometry. However, it has been known that for some
constant curvature spaces there exist orthogonal separable coordinate systems, namely coordinate systems for
which a given Hamiltonian system in classical mechanics and Schrédinger equation of the quantum mechanics
admit solutions via separation of variables; hence, these coordinate systems are related to the superintegrability
problem, [4]. For example, in the real 2D space there are four such systems, for the complex plane there are six
while for 2D sphere there are only two. We derive the expression of the Ricci flow equation in all 2D coordinates
systems and also for their solitonic analogs. In this way, we add to the PDE flavor of the topic of Ricci flow

three new equations: the polar, the parabolic, and the elliptic Ricci flow equation.

2. The Ricci—Yamabe map of a Riemannian flow

For a smooth m-dimensional manifold M™ let T (M) be the linear space of its symmetric tensor fields of
(0,2)-type and Riem(M) C T5(M) be the infinite space of its Riemannian metrics. Following the general
theory of geometric flows we introduce:

Definition 2.1 A Riemannian flow on M is a smooth map:
g: I CR — Riem(M), (2.1)
where I is a given open interval. We can call it also as time-dependent (or nonstationary) Riemannian metric.

Throughout this work we fix a Riemannian flow g(-) and one denotes by Ric(t) the Ricci tensor field of

g(t) and by R(t) the corresponding scalar curvature. Let us also give a and [, some scalars.
Definition 2.2 The map RY (%59 : [ — T5(M) given by:
0
RY (@B.9) (1) = 8—?(0 + 2aRic(t) + BR(t)g(t) (2.2)

is called the (o, B) -Ricci-Yamabe map of the Riemannian flow (M, g). If RY(*59) =0 then g(-) will be called
an (a, B) -Ricci—Yamabe flow.
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Definition 2.3 (Particular Case) We have:

(1) the equation RY 1:9:9) =0 is the Ricci flow while the equation RY (%19 =0 is the Yamabe flow ([8, p.
520]). The equation of an («/2, 3) -Ricci—Yamabe flow appears at page 50 in [5], where the Ricci curvature

is interpreted as a vector field on the space of metrics.

(2) for n =2 since Ric= %g = Kg with K being the Gaussian curvature we get:

RwaWﬂ:%%w+%a+MK@m@. (2.3)

Hence, the Ricci and Yamabe flows coincide on surfaces.

(8) Due to the signs of o and [ the Ricci—-Yamabe map can be also a Riemannian or semi-Riemannian
or singular (degenerate) Riemannian flow and this kind of freedom can be useful in some geometrical
or physical (e.g., relativistic) theories. For example, a recent bimetric approach of spacetime geometry
appears in [1] and [3].

Example 2.4 (1) (Cone and conformal flow) Fix g € Riem(M) and a smooth f: I — R% = (0,40c0). We
define g(t) := f(t)g which we call conformal flow. In particular, for I = (0,400) and f(t) =t we obtain the
cone flow. Applying Exercise 1.11 of [8, p. 6] one have:

Ric(t) = Ric(g), R(t) = mR(g) (2.4)
and then the («, B)-Ricci—Yamabe-conformal map is:
RY @29 (t) = [f'(t) + BR(g)lg + 2aRic(y), (2.5)

which becomes constant for the cone flow. In particular, if g is an Finstein metric, from:

Ric(g) = ", (2.
we get:
RY@59) (1) = [1'(t) + (5 + 2 )R(g)lo, 27)

which is a time-dependent Finstein metric.

(2) A fized Riemannian geometry (M, g) is called convex-FEuclidean ([]]) if it supports a Riemannian
flow:
g9(t) = (1 =t)g + ¢, (2.8)

with t € [0,1] and I the covariant version of the Kronecker tensor field. For example, every parallelizable
manifold, in particular any Lie group, is a convex-Euclidean one. In what follows, due to complicated equations
on the general case we restrict to n =2 and suppose that g is isothermal: g(u,v) := E(u,v)] with the smooth

function E >0 on the surface M. Then all terms of the convex-Euclidean flow are isothermal:

g(t) = [(1 — ) E + 41 (2.9)

2633



GULER and CRASMAREANU/Turk J Math

The expression of the Gaussian curvature for isothermal metrics is well known and hence:

1

K#t)=- 2[(1—1)E +1]

Ayo(In[(1 —t)E +1]), (2.10)

where Ay, is the usual 2D Laplacian: A, ., = 02, + 02,. In conclusion:
RY P9 (t) = [1 — E — (a + B)Au,o(In[(1 — ) E + )], (2.11)
which is a time-dependent isothermal (semi-, singular) metric.
(3) (Poincaré flow) For the Poincaré half space model of hyperbolic geometry in R = {(z',...,a™) €
R™ 2™ > 0} ([15, p. 135]) we define the Poincaré flow on I =R as:

0(1) = Fomg [ 4 .+ d(a7)?] = ﬁgg, (2.12)

which satisfies Org(t) = (—Ina™) - g(t) and can be considered as a conformal flow for the Euclidean metric gl

on R . Applying the formulae of [8, p. 35] we have:

riett) = B o G By, me - o [+ 20 e
and then:
(a,3,9) ()2 — o (n — 2)t2 _(.m)2—t ny,n _ ﬁ 2 n—1 o n\2
RY t) - (z™) {1-n)B t+74 (™) *Inz" gl 4+ (1 2)75 tlagl~ + (1 — n)atd(z™)”.
(2.14)
For n =2 we obtain:
Ryt gy = e = (ot ), (2.15)

(22)? e

(4) (Generalized cigar flow) In [8, p. 154] the Hamilton cigar 2D metric on M = R? as a steady Ricci
soliton is given:
1

(u,v) = ———=1 2.1
9e(u,0) = 1 (216)
and then we introduce the generalized cigar flow:
P P — (2.17)
T ) + w0
for a smooth f:R — R% with f(0) = 1. Its Ricci-Yamabe map is:
4 t)— f'(t
RY(a”B’gf)(t) — (a + B)f( ) f ( )I (218)

(f +u? +07%)2

and then RY (@B9") =0 if and only if f(t) = e* @At Recalling that for o =1 and 8 = 0 we have a Ricci
flow we reobtain the result of [8] that (2.17) is a Ricci flow for f(t) = e*t.
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(5) (Time-dependent warped metrics) Let the 2D Riemannian flow:
g(t) = du® + f(t)G(u)dv? (2.19)
again for a smooth f:R — RY with f(0) = 1. Its (a, B) -Ricci—Yamabe map is:

a+p
fG

For G(u) = u® and f(t) =t%, which does not satisfy f(0) = 1, the metric (2.19) appears in the Ezercise 1.6.7
of [15, p. 33]. With G(u) = sn2(u) of [15, p. 117] we obtain the time-dependent rotationally symmetric metrics

generalizing the constant curvature (= k) metrics. Hence, this flow (2.19) has the («, B)-Ricci—Yamabe map:

RY(@B9 () = f'()G(u)dv? —

InG - g(t). (2.20)

2k(a+ B)

(@B:9) () = £ (£)sn2 (u)dv? —
RY (t) = f'(t)snj(u) 0

- g(t). (2.21)

Let us note that Ricci flows on general warped product metrics are studied in [12].

(6) (Gauge flows of Min-QOo-Ruh type) Starting with a given Riemannian metric g, a gradient flow is
considered in [14] by means of a family 6; of tensor fields of (1,1) -type:

g(t) = g(6¢-,6¢) (2.22)

with 6y = I. The infinitesimal gauge transformation 6 = %9t|t:0 is used to express the infinitesimal change

of the Levi-Civita connection.

The choice § = —Ric of (1,1)-type yields exactly the Hamilton’s Ricci flow and the Lagrangian of the
gradient flow then becomes a Yang-Mills functional D — [, ||FP||* on the space of Cartan connections of

hyperbolic type.

The choice § = —aRic — gRI yields the («, B8)-Ricci-Yamabe flow. Moreover, given the vector field &
and A € R the choice Ric = —V9& — A with VIE the covariant derivative of £ with respect to the fized metric
g yields the Ricci soliton (g,&,\) on M i.e. a self-similar solution of the Ricci flow, [8]. O

We finish this section with the variation of some geometrical objects along an («, 5)-Ricci—Yamabe flow:

Proposition 2.5 Let g(t) be an («, 8)-Ricci—-Yamabe flow. Then:

(1) the variation of the Christoffel symbols is:
O (t) = ag" (ViRij — ViRj — V;Ry) (t) — g [(ViR)(t)8F + (V;R)(t)6F — (VFR)(t)gi;(1)],  (2.23)
(2) the variation of the scalar curvature is:
OR(t) = [a+ (n = 1)B1Agw R(t) + 20| Ric(t) |12,y + BR? (1), (2.24)

with Ay the Laplacian with respect to g(t); for n =2 this relation becomes:

{ BR(t) = (a + B) [[Ag(t)R(ﬂ + R2(1)] (2.25)

MK (t) = (a+ B) [Ay K (t) + 2K2(ts] ;
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(8) the variation of the volume form is:
drd(t) = —(a+ ZHRMAu(?). (2.26)

It follows that if 2o+ nf = 0, then the volume is constant and the variation of the scalar curvature is:

1 2—n . 2
“OR() = Ay R + 2 Ric()]12) — = B, (2.27)

provided o # 0; particularly is zero in dimension n = 2. For an («, 8)-Ricci—Yamabe flow on a closed

Riemannian surface M? with o+ 3 > 1 and t € (0,T], we have the next global inequality on M :

1
K(t) 2~ (2.28)

Proof We apply the formulae of [8] with the variation tensor field:
v(t) = —2aRic(t) — BR(t)g(t) (2.29)
and the corresponding variation function:
V(t) = —(2a+ nB)R(t). (2.30)

We have div v = —(a + B)dR and div(div v) = —(a + B)AR. For the item (3) at the Ricci flow a =1 we
derive the corresponding normalized Ricci flow of [8, p. 128] with the associated scalar 8 = —% multiplied with

the average scalar curvature. The inequality (2.28) follows from the maximum principle. O

Example 2.6 Suppose that the given Riemannian flow g(t) is Ricci-recurrent i.e. for a fized time-dependent

1-form n we have:

Vi(t) Rij(t) = m(t) Rij (t)- (2.31)
Then (2.23) becomes, with n* = g*on, :
Oy (1) = o (n*(t) Rz (t) — mi(t) R} (t) — m; () RE (1)) — g (i ()6} + n;(8)5; — gizn” () R(t), (2.32)

since Vi (t)R(t) = mR(t). The relation (2.25) becomes:

OR(E) = (o + B) [(divyn(t) + [n(0) ) B + B2(D)] (239
In fact, in dimension 2 if K(t) > 0, then (2.31) holds for:
n=d(InK) (2.34)

and hence (2.33) reads:
K (t) = (a+B) [(Dgey MK (t) + [ VIn K (t)[12)) K (t) + 2K>(t)| - (2.35)
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3. The volume variation of Ricci—Yamabe maps and volume entropy of a Ricci—Yamabe flow

Inspired by [10] and [11] we introduce:

Definition 3.1 The («, 8)-Ricci—Yamabe volume variation for the Riemannian flow g(-) is the smooth function

V(B9 M x T — M x1I given by:
OV B9 (1) = Ty RY (59 (¢ Z g ORY (1) (3.1)

1,0=1

where, as usual, g*(t) are the components of inverse g~'(t). The flow will be called (o, B)-RY-expanding
or steady or shrinking if this variation is positive, zero, or megative, respectively. Moreover, if this variation

depends only on t, then we say that the flow is uniform.

Example 3.2 (1) For conformal flows we have from (2.5):

nf'(t) + (2a + np)R(g)
ft)

OV (@B9 () = (3.2)

which yields:
V(t)(“’ﬁ’g) =nln f(t) + (2a + nB)R(g)F(t) (3.3)

with F' an antiderivative for % In particular, for 2a+npB =0 or flat metric g, the conformal flow is uniform

(a, B) — RY — expanding.

(2) For the two-dimensional Poincaré flow by using (2.15) we get:

V(t)(aﬁ,g) _ _L—;ﬂt2 =+ (x2)2—t. (3.4)

2

Hence, on the horizontal lines x* = constant this flow is («, 8)-RY-expanding, steady or shrinking according

to a+ B being a negative, null or positive number. The existence of a preferred direction in the physical space
is discussed in [2, p. 50].

(3) For the generalized cigar flow its variation of volume is:

datB)f -1

9,V (@9 (t) = Fru+o2

(3.5)

For example, choosing an exponential potential f(t) = et we derive that the flow is (o, ) -RY-expanding, steady

or shrinking according to o+ 3 being greater, equal or lower than § .

(4) For the time-dependent warped metrics (2.19) with G(u) = sni(u) from (2.21) we have:
V{@B9) (1) =1n f(t) — 4k(a + B)F(t) (3.6)
More generally, the steady case is characterized by:
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Proposition 3.3 The Riemannian flow g(-) is («, 8)-RY-steady if and only if its scalar curvature is:
(La+nB)R(t) = —Try4)(0ig(t)). (3.7
Proof From (3.1) we derive that the steady case is characterized by:
nBR(t) = =Tryu)(0rg(t) + 2aRic(t)). (3.8)

Since T'r is a linear operator we immediately derive the conclusion. O

We finish this section with a study of the volume entropy for an («, §)-Ricci—Yamabe flow supposing that
M is compact and with n > 3. Let m : M — M be the universal cover of M and w(M, g,r > 0) = 11n Vs(B(r))
be the volume growth function of the Riemannian metric g; here Vj; is the volume with respect to the cover
metric §. Then the volume entropy of (M,g) is: h(M,g) = lim, o w(M,g,r).

We have a result similar to Proposition 2.1 of [16]:

Proposition 3.4 Let g(t) be an («, 8)-Ricci-Yamabe flow on the compact M satisfying:

(i) the injectivity radius i(M, g(t)) > i € R uniformly in time; in particular g(t) has the sectional curvature
uniformly bounded from above by a positive constant and an uniform lower bound of the lengths of closed

geodesics,
(ii) n >3 and 2a+nB > 0.
Then the volume entropy h(M, g(t)) is nondecreasing.

Proof
With a computation similar to that of [16] and using (2.26) we obtain:

_ 2a+ np ~ .
O g(0).7) =~ S /B B0, (3.9)

The hypothesis (i) assures the existence of a constant C' > 0 such that:

1 _
lim ———— R(t)djx n(n —1)C. 3.10
0 BT gy RO <= (310

Hence, with (ii) we get 9:h(M,g(t)) > 0 which yields the conclusion.
O

4. The orthogonal companions of the 2D Ricci flow equation and the associated solitonic PDEs
In this section we start with the general conformal-Euclidean 2D flow on an open subset of the plane, [9, p.
286]:
g(t) = exp(h(z, y,t))[dz’ + dy?] (4.1)
for which the Ricci flow equation is:
(exph); = Ah (4.2)
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with A the Euclidean Laplacian: Ah = gy + hyy.

In what follows, we consider the Ricci flow equation (4.2) in the separable coordinate systems of R?

having the model as the paper [4].

(1) The Cartesian coordinates (x,y) form the first separable coordinate system of the plane. With the

separation of variables h = f(t,z)g(t,y) we have:

(ftg + fgt) exp(f9) = frag + Gy, (4.3)

while the separation of variables h = f(¢,x) + g(t,y) yields the equation:

(ft + gt) exp(f + g) = fox + Gyy- (4'4)
The following three systems are:

(2) Polar coordinates: u = zcosy, v = xsiny. The equation (4.2) becomes the polar Ricci flow equation:

B (cos? y + 2 sin’ ) + hyy (sin® y 4+ 2% cos? i) + 2hy, siny cosy(1 — 22) = (exp h);. (4.5)
(2.1) By searching for h of the form h = ¢(t,w = u + av) we get the polar solitonic Ricci flow equation:
Yuwwlcos?y + x?sin® y + a?(sin? y + 2% cos? y) + 2asiny cos y(1 — z2)] = @, exp . (4.6)
(2.2) By searching for h of the form h = f(t,u)g(t,v) we obtain:
fuug(cos®y +a?sin® y) + fguu(sin® y + 2° cos? y) + 2fugo siny cosy(1 — 2%) = (fog + fg:) exp(fg). (4.7)
(2.3) By searching for h of the form h = f(t,u) + g(t,v) we derive:
fuu(cos? y + 22 sin? y) + guo(sin y + 22 cos® y) = (f; + g¢) exp(fg). (4.8)

(3) Parabolic coordinates: & = $(u® —v?), n = wv. The Euclidean metric g = d¢? + dn? becomes a

Liouville one: g = (u? + v?)(du® + dv?) and the Ricci flow equation is now the parabolic Ricci flow equation:

2¢/€2 + n2(heg + hyy) = (exp h)s. (4.9)
(3.1) With h = p(t,w =&+ an), we derive the parabolic solitonic Ricci flow equation:
2¢/€2 + 12 (1+ 0®)puw = i(exp 0). (4.10)
(3.2) For h = f(t,£)g(t,n) we get:
2¢/€2 +1P2(feeg + f9un) = (fog + Fge)(exp fg). (4.11)

(3.3) For h = f(t,&) + g(t,n) we obtain:
2¢/€2 +12(fee + gun) = (fe + 90) exp(f + g). (4.12)
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(4) Elliptic coordinates: 2% = c¢*(u — 1)(v — 1), y?> = —c?uv. The Euclidean metric g = dx? + dy?
? (v—u) ( du?®

4 u(u—1)

becomes a Lorentzian one: g = < v(‘f)”_zl)) and the Ricci flow equation is now the elliptic Ricci
flow equation:

é v—u v(l—v)  u(l—u) u—v

1wy P oy T ooy ) T o) 49

where A, , is the Euclidean Laplacian in the variables (u,v); supposing ¢ > 0 we have:

(exph)y = hy Ay v + hyNy oy +

1 -1 1 —1
Auvx:*% (7 v + u )7

b u—1 u—1 v—1 v—1

Au,vy:_i (% _TU“F%\/_Tu)

(4.1) With h = ¢(t,w = = + ay) we obtain the elliptic solitonic Ricci flow equation:

(4.14)

V—Uu v(l—w u(l —u u—v
Yt eXp p = @w(Au,vx + ahyAu’vy) + @ww[m + 204 (ugu — ]3 —|— UEU — 1))) —|— a2U7]. (415)

(4.2) With h = f(t,2)g(t,y) we get:

v—u

v(l—v)  u(l—u) uU—v
280 (S5 S ) i1y
(4.3) With h = f(t,z) + g(t,y) we obtain:
(ft + gt) exp(f + g) = facAu,vx + gyAu,vy =+ fmw% + gyy%. (417)

In this way, we add to the PDE flavor of the topic of Ricci flow three new equations: the polar, the parabolic,

and the elliptic Ricci flow equation, as well as their solitonic companions.

Returning to (3.1)-(3.2) and applying in complex variable z we have:
g(t) = exp(h(z,2,t))dzdz, (exph), = 400h (3.18)
and searching for a holomorphic h we obtain a static metric:
exp(h(z,t)) = C(2), g(z) = e“Pdzdz. (3.19)
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