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Abstract—This paper represents an efficient space-alternating
generalized expectation-maximization (SAGE) algorithm based
maximum a posteriori (MAP) channel estimation method for
multi-cell massive multiple input multiple output (MIMO) sys-
tems. MAP channel estimation method requires conjugate trans-
pose of a 7 x K pilot matrix where 7 is the number of pilot
symbols per user and K is the number of single antenna
users. Conjugate transpose of the large-size matrix increases
computational complexity. The proposed method estimates the
channel iteratively and converges to the same mean square error
(MSE) performance of the MAP estimator with the increasing
number of iterations. Consequently, the proposed method with
low-rank approximation avoids conjugate transpose of the large-
size matrix and hence reduces the computational complexity
significantly.

Index Terms—Channel Estimation, Pilot Contamination,
Multi-Cell Massive MIMO, SAGE-Algorithm, Maximum A Pos-
teriori, Least Squares

I. INTRODUCTION

Multi-cell massive MIMO systems are up-and-coming tech-
nology for future’s cellular systems. In the beginning, massive
MIMO systems were focused on point-to-point MIMO which
two devices communicate with each other using multiple
antennas, afterward the focus has shifted towards multi-cell
massive MIMO systems [1]. In multi-cell massive MIMO
systems, a base station (BS) equipped with multiple antennas
simultaneously serves a number of single antenna users.

In multi-cell massive MIMO systems, frequency reuse
causes rise to inter-cell interference (ICI) in channel estimation
and it is known as pilot contamination [2]. Channel state
information (CSI) at the BS plays a key role in multi-cell
massive MIMO systems because it is critical for achieving
high system performance.

Time division duplex (TDD) is considered a better method
to acquire CSI in multi-cell massive MIMO systems compared
to frequency division duplex (FDD) because TDD requires
channel estimation in only uplink training and the estimated
channel is reciprocal which means the estimated channel can
be used in both uplink and downlink transmissions [3].

Multi-cell massive MIMO systems provide a number of
advantages such as spectral efficiency, and power efficiency.
Spectral efficiency is achieved by serving several users si-
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multaneously through spatial multiplexing. Transmit power
efficiency is inversely proportional to the number of BS
antennas if BS has perfect-CSI and the transmit power is
inverse proportional to the square root of BS antenna numbers
if BS has estimated-CSI, compared to single antenna systems
[4].

In this paper, an efficient SAGE algorithm based MAP
channel estimation method is proposed, which exhibits the
same MSE performance with MAP estimator after a number of
iterations. The superiority of the proposed method is reducing
the computational complexity. The MAP estimator requires
conjugate transpose of a large-size matrix and when the size
of the pilot matrix increases the computational complexity
increases too. The proposed method avoids this problem. For
the proposed system model MAP estimator is equivalent to
minimum mean square error (MMSE) estimator.

This paper is organized as follows: In Section II, the system
model is introduced. In Section III, the conventional channel
estimation methods are introduced. In Section IV, the itera-
tive channel estimation method which reduces computational
complexity is analyzed. In Section V, the performance of
the algorithm is investigated under different circumstances
by simulative means. Finally, in Section VI the paper is
concluded.

Notation: In this paper, (.) denotes the conjugate trans-
pose. ||.||? denotes the Frobenius norm and Ix denotes the
K x K identity matrix.

II. SYSTEM MODEL

It is considered a multi-cell massive MIMO system with L
cells which each cell contains a BS with M antennas and K
(K << M) users. We assume that all BSs propagate in same
frequency band and Ith BS receives signals from all users in
all cells. g;;xm, represents the channel coefficients from user
in cell i to the antenna m of the BS in cell I

Bikhitkm (1)

where /B;, represents the geometric attenuation and
shadow fading which is non-negative constant and known a
priori, h;.m represents the fast fading coefficient from user &
in cell i to the antenna m of the BS in cell / with a zero mean

GJilkm —
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Fig. 1. The channel coefficient between user k in the cell i and BS antenna
m in the cell L

and unit variance CN(0,1) distribution. The channel matrix
(i; can be written as

1
Gy = D;jHy, 2

where H; € CK*M s fast fading coefficients matrix
between the K users in the ith cell and the Ith BS, [Hj]gm =
hitkm and D;; € REXK jg diagonal matrix whose diagonal
elements are [Dy]gx = Buk [3], [6].

A. Pilot Contamination

In multi-cell massive MIMO systems, pilot sequences are
transmitted from users to the BS in the uplink to estimate the
channel. Each column of the pilot sequences within the same
cell and in the neighboring cells should be orthogonal.

I, = 1Ik,i=1,.., L, 3)

where ®; € C™*X pilot matrix. K is number of users and 7
is number of pilot symbols per user. When the pilot matrices
are orthogonal in all cells a BS can obtain uncontaminated
estimation of the channel matrices. Unfortunately, the number
of pilot sequences are limited, as a result, limits the number of
users which can be served. To serve more users non-orthogonal
pilot sequences are used in neighboring cells [2]. The use of
non-orthogonal pilot sequences causes pilot contamination.

B. Uplink Training

The users transmit an uplink training sequence of 7 pilot
symbols and each BS estimates the channels of its users. We
consider that users in different cells transmit the same set of
pilot sequences at the same time. The pilot sequences of K
users in each cell are represented as ®; € C™*X and pilot
sequences are orthogonal ®#®;, = 7Ik,Vi. Then 7 x M
received training matrix at the BS [/ is represented by Y; as

L
Yi=pu »_ &G+ N, @
=1
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Fig. 2. Schematic view of pilot contamination.

where p, is the power of each training symbols. N; €
C™M jis an additive white Gaussian noise (AWGN) matrix
with zero mean and unit variance CN(0,1) distribution [5].

For notational simplicity, the desired channel matrix can be
represented as G € CK*M and the pilot sequence can be
represented as ®; € C™*¥ all interfering cell pilot sequences
are collected in & = [®y,..,®y] € CT*UL-DE vy £ |

and channel matrices collected in G = [G7}, ..., G:Lpl]T €
CUE-DEXM i £ [ leading to
Vi = VPu®iGu + /pu®G + Ni. )

III. CHANNEL ESTIMATION METHODS
A. MMSE Channel Estimation
We assume that the BS uses MMSE channel estimation [7].
The MMSE estimator is a scaled form of LS estimator and
MMSE can significantly outperform LS estimator with the
presence of prior information at the BS. The estimated channel
matrix GJ}™*¢ can be written as [8]

—1
mmse \/_ Dy <IK + 7Py Z Dzl) (I)Fle (6)

B. MAP Channel Estimation

If the priors are known, MAP estimator can be formulated
for multi-cell massive MIMO systems [8]. In the MAP estima-
tion approach we choose Gy and G to maximize the posteriori
probability density function (PDF) or

(Gu,G) = argmaz[p(Gu, GV )
(Gu,G)

To find the MAP estimator, we must equivalently maximize
p(Y1|Gu, G)p(Gu, G). Hence, the MAP estimator is

(Gllv é) = argmga:[p(Yl|G”,
(Gu,G)

Gp(Gu,G), B
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or equivalently

(G”, é’) = argma:v[lnp(Y |G,
(Gu,G)

Since the noise is AWGN, PDF of received signal Y; can
be expressed as

) =+ lnp(G”, G)] )

p(Yi|Gu, G) o< exp[— || Yi = /Du®iGu — /pu @G |P). (10)
The prior PDF of the channel coefficients can be expressed
as
y L
p(Gu, G) o exp(— Y G D' Gu). (11)
i=1
For notational simplicity superior equation can be written
as

p(G”, é) X exp(—GﬁDﬁlG” — éH.D_lé), (12)

where D = diag|D,...Dpi] € RE-DEX(L=DE v £,
The log-likelihood function of received signal and prior
information of channel can be written as

Inp(Yi|Gu, G) = — | Vi — VPa®iGu — vPu®G |2, (13)
lnp(G”, é) = —GﬁDﬁlGll — éHﬁ_lé. (14)

Taking derivatives in eq. (9) with respect to Gj; and G and
equating the resulting equations to zero, we have

oH o

q)lH‘I)z-i-Iz)i )
4 D

PH P,

G o
%] [ oo

Since the pilot sequences are orthogonal and same in all
cells, then the superior equation becomes

-1
Gyt = \/_puDu<IK+TpuZDu> o'y (16)

Since p(Y;|Gu, ) is jointly Gaussian in Gy, G and Y}, the
MAP estimate is equal to MMSE estimate for the proposed
model [9].

IV. ITERATIVE CHANNEL ESTIMATION

By expectation-maximization (EM) algorithm in each iter-
ation, all parameters which are unknown calculated simul-
taneously and the parameters iteratively converge to the LS
estimate of the channel coefficients. EM algorithm decreases
computational complexity of the system [10]. To reduce the
convergence time of the EM algorithm SAGE algorithm is
recommended by [11]. SAGE algorithm preserves the stability
of EM algorithm and able to improve the convergence rate
significantly. Instead of estimating all channel coefficients

at once, SAGE algorithm calculates the channel coefficients
sequentially. Only a subset of unknown channel coefficients is
calculated at each iteration.

Y} represents the received data component which is trans-
mitted by the kth user through the channel g;;x,,, as follows

L
Yi = /Du Z @ik Gitkem + Nk,

=1

A7)

where the Gaussian noise matrix N symbolizes a part of
Nj and it is defined by Zszl Ny = N; and ¢y is the kth
column of pilot matrix.

For notational simplicity, the desired channel matrix can be
represented as gjrm € € CY*M and the pilot sequence can be
represented as ¢y € C™*1, all interfering cell pilot sequences

are collected in ¢ = [p1p,...,ork] € CT¥ED i £ |
and channel matrices collected in § = [g]1.,,, - ngkm]T €
CE-DXM /i o | Jeading to

Yi = \/PutikGukm + /Pudd + Ni. (18)

The incomplete (original) received data at the /th BS can
be written as

19)

K
Y, = ZYk'
k=1

A. SAGE Algorithm Based MAP Channel Estimation

A drawback of directly solving eq. (9) is calculating con-
jugate transpose of 7 x K pilot matrix. For large values
of 7 and K computational complexity increases extremely.
When SAGE algorithm based MAP estimator is applied to the
system, the computational complexity decreases significantly
and the proposed method achieves the same MSE performance
as the MAP estimator after a number of iterations.

The algorithm of the proposed method can be written as
follows

Initialization: For 1 < k < K

50 _

2k \/—Bllk 1 + TPy ; lek (blkgllkm (20)
At the gth iteration (q=0,1,2...): For k = 1 4+ mod|q, K],
compute
K
V=50 1 V-5, 1)
k=1
(@i 3y = argmaz(p(gurm, 31V ). (22)

(911km9)

To find the MAP estimator, we must equivalently maximize
p(Yk(q)|gllkm, 9)p(gukm, §)- Hence, the MAP estimator is

1) 2 ~ ~
(G50 5@ty = argmaz[p(Yy? |gurm, §)p(gurm §)),

(9116m )

(23)
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or equivalently

(ﬁ;ﬁcﬁ)vé(qﬂ)) = m‘gmaI[IHP(Yk(Q) |91k, 3) + Inp(qukm, 9)].  (24)

(g11km3)

since the noise is AWGN, PDF of Y}, can be written as

PV g, §) o cxpl— | Vi — Buduguen — yPadg |71 (25)
The prior PDF of the channel coefficients can be written as

L

P(gukm, §) < expl=>_ gl Bik Gitkm)-
i=1

(26)

For notational simplicity superior equation can be written
as

P(Gutkm, §) < expl—gilmBut gukm — 37713, @7

where 5 = diag[Buik, ..., Brin] € REDXED) i £,
The log-likelihood function of Y}, and prior information of
channel can be written as

lnp(?k(q”g”km,g) =—| Yk(q) = /PuPikGlikm — \/m%é 2, (28)

I p(Gukm, §) = —GiemBun urm — G B 3. (29)

Taking derivatives in eq. (24) with respect to g;xm, g and
equating the resulting equations to zero, we have

JH Bii
Dl + 2
o pui
since pilot sequences are orthogonal and same in all cells,
then the superior equation becomes

45{%5 Jitkm
VPu

$g+ - 7

_ { ig } V. (30)

L -1
ﬁl(fki) = /DuBlik (1 +Tpu Y Bilk) ¢lHkYk(q)- (31)
i=1

As we see in the superior equation, since ¢ is a vector,
proposed method does not require conjugate transpose of
the large-size matrix and consequently, reduces computational
complexity significantly.

45D = pudiglin, . (32)
For1<j< K and j # k
Bt = 50, (33)

B. Initialization

The initial channel coefficients (gff,jm) of SAGE algorithm
are important because they determine the convergence speed
of the algorithm. For the proposed algorithm the initial channel
coefficients are selected as random complex values.

C. Complexity Calculation

In this section, a short description of the computational
complexity of the proposed SAGE-MAP estimator and MAP
estimator is given. The MAP channel estimator given in (16)
requires K272 + K7M + 2K2?M + K complex multiplica-
tions. On the other hand, the SAGE-MAP estimator requires
qr? + KTM + 2T M complex multiplication. Therefore, it is
shown that the computational complexity of MAP estimator
is higher than SAGE-MAP estimator. If it is defined the
total numbers of multiplication required for the MAP and
SAGE-MAP estimator as M APryiq; and SAGE — M AProia
respectively, then complexity rate can be summarized as given
in Table 1.

TABLE I
COMPLEXITY TABLE

K T M q SAGE — MAPTotal/MAPTotal
10| 10 | 60 | 9 0.63
10 | 10 | 100 | 9 0.72
10 | 20 | 60 | 9 0.58
10 | 20 | 100 | 9 0.74

V. SIMULATIONS

In this section, we compare that after how many iterations
MSE performance of SAGE-based MAP estimator converges
to the MSE performance of MAP estimator under different
circumstances. We have a typical multi-cell structure with L =
7 cells and 7 = K pilot symbols. We fix the large-scale fading
coefficients (8;x) as Bux = 1 and By = a, Vi # L.

In fig. 3, we show the MSE performance of MAP estimator
and convergence speed of SAGE-MAP estimator for a different
number of iterations in a different shadow fading (a) values.
We set M = 100, K = 10 and pu = 10dB. It can be seen
from the figure that when ’a’ (the effect of pilot contamination)
increases the system performance of MAP estimator degrades
and comes close to initial SAGE-MAP estimate values but
the number of iterations does not change. For a = 0.05 the
SAGE-MAP estimate converges to the MAP estimate within
the 9 iterations and for a = 0.03 SAGE-MAP converges to
the MAP estimate again within 9 iterations.

In fig. 4, we show the MSE performance of MAP estimator
and convergence speed of SAGE-MAP estimator for a different
number of iterations in different signal to noise ratio (SNR)
values. We set M = 100, K = 10 and a = 0.05. It can be
seen from the figure that for small SNR values the system
performance of MAP estimator degrades and comes close to
initial SAGE-MAP estimate values but the number of iterations
does not change. For pu = 0dB the SAGE-MAP estimate
converges to the MAP estimate within the 9 iterations and
for pu = 20dB SAGE-MAP converges to the MAP estimate
again within 9 iterations.

In fig. 5, we compare the MSE performance of MMSE
estimator, MAP estimator and SAGE-based MAP estimator
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Fig. 4. Convergence of MSE versus number of iterations for different "SNR”
values. (pu = SNR)

for different SNR values. We set M = 100, K = 10, a = 0.05
and iteration — number = 9. It can be seen from the figure
that MAP estimate, MMSE estimate and SAGE-based MAP
estimate have the same MSE performance.

VI. CONCLUSION

In this paper, an efficient SAGE algorithm based MAP
channel estimation method for multi-cell massive MIMO
systems is derived. It is shown that the proposed method
achieves the same MSE performance as MAP estimator with
the increasing number of iterations. MAP estimator requires
conjugate transpose of a large-size matrix, thus this situa-

Channel Estimation

T
+F mmse
—O-MAP

—3*— SAGE-MAP

MSE

107"
-10 5 0 5 10 15 20

SNR(dB)

Fig. 5. MSE comparison of different channel estimation methods.

tion increases the computational complexity. The proposed
method avoids conjugate transpose of the large-size matrix and
consequently decreases computational complexity significantly
and coincides with the same MSE performance with MAP
estimator.
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