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In this paper, we study commutative Krasner hyperrings with nonzero identity. ϕ-prime, ϕ-primary and ϕ-δ-primary hyperideals
are introduced. �e concept of δ-primary hyperideals is extended to ϕ-δ-primary hyperideals. Some characterizations of
hyperideals are provided to classify them. �e relation between ϕ-δ-primary hyperideals and other hyperideals is discussed.

1. Introduction

In commutative ring theory, prime and primary ideals have a
signi�cant place. �e importance of prime ideals encourages
researchers to expand these concepts and �nd applications.
Many di�erent types of generalizations have been investi-
gated by several authors, some of them [1–5]. Prime and
primary ideals are generalized to ϕ -prime and ϕ-primary
ideals. Let (R,+, .) be a commutative ring with nonzero
identity. Denote the set of all ideals of R by L(R) (proper
ideals of R by L∗(R). Let ϕ be a function such that
ϕ: L(R)⟶ L(R)∪ ∅{ }. LetN be a proper ideal ofR.N is
called a ϕ-prime ideal [1], if ab ∈ N − ϕ(N), then either
a ∈ N or b ∈ N for some a, b ∈ R. By the way, N is called a
ϕ-primary ideal when, if ab ∈ N − ϕ(N), then a ∈ N or
bk ∈ N for some a, b ∈ R, k ∈ N [3, 4]. �e image of ideal,
ϕ(N), can be equal 0, ∅, N, N2, Nn, Nw (w denotes the
intersection of ideals ofNi ). A proper idealN ofR is called
weakly prime (primary) ideal respectively in [6] ([7]) if
0≠ ab ∈ N, for some a, b ∈ R, then a ∈ N or b ∈ N (bk ∈ N
for some k ∈ N). Anderson generalized it in [1], where N is
weakly ϕ-prime ideal when ϕ(N) � 0. Zhao [8] introduced

δ-primary ideal as an expansion of an ideal,
δ: L(R)⟶ L(R) is a function that meets the following
requirements: i)N⊆δ(N), for all ideals N of R, ii) If N⊆M,
where N and M are ideals of R, then
δ(N)⊆δ(M), iii)δ(K∩L) � δ(K)∩ δ(L) for all idealsK, L of
R. Entire of the δ ideal expansions provides the property
δ2 � δ, which is δ(δ(N)) � δ(N) for all ideal N of R [8].
A. Jaber chose ϕ such a reduction function in [9], which
satis�es the following requirements: i) ϕ(N)⊆N, for all ideals
N of R, ii) If N⊆M, where N and M are ideals of R, then
ϕ(N)⊆ϕ(M). He obtained generalization of ϕ-δ-primary
ideal by combining these two concepts. Let N be an ideal of
R, δ be an ideal expansion and ϕ be an ideal reduction [9].N
is called ϕ- δ-primary if ab ∈ N − ϕ(N), then either a ∈ N
or b ∈ δ(N), for all a, b ∈ R. Some results on φ − δ-primary
ideals can be found in [10, 11].

�e theory of hyperstructures was innovated byMarty in
1934 [12]. He de�ned hypergroupoid (G,°) forG≠∅, P∗(G)
represents family of nonempty subsets of G and
°: G × G⟶ P∗(G) is a binary hyperoperation. Let (G,°) be
a hypergroupoid. G is a semihypergroup, if ∀a, b, c ∈ G,
a°(b°c) � (a°b)°c, which means ∪ u∈a°bu°c � ∪ v∈b°ca°v. If
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∀a ∈ G, there exists e ∈ G such that a ∈ (e°a)∩ (a°e) in
another phrase a{ }⊆(e°a)∩ (a°e), then e is called identity
element. An identity element e is called a scalar identity if
a{ } � (e°a)∩ (a°e), for all a ∈ G. Let (G,°) be a semi-
hypergroup. For ∀a ∈ G, if a°G � G°a � G, then (G,°) is
called hypergroup. Let (G,°) be a hypergroup and∅≠K be a
subset of G. If a°K � K°a � K, for ∀a ∈ K, then (K,°) is
called subhypergroup of (G,°) where ° is a binary hyper-
operation on G. Let (G,°) be a hypergroup. If a°b � b°a, for
∀a, b ∈ G, then (G,°) is commutative hypergroup [12].
Mittas pioneered the theory of canonical hypergroups in
[13–15]: Let R≠∅. (R, +) is called a canonical hypergroup
(+ is a hyperoperation) if the following axioms are satisfied:
i)a + (b + c) � (a + b) + c, for a, b, c ∈ R; ii) a + b � b + a,
for a, b ∈ R; iii)∃0 ∈ R such that a + 0 � a{ }, for any a ∈ R;
iv) for any a ∈ R, there exists a unique element a′∈ R, such
that 0 ∈ a + a′ (a′ is called as the opposite of a and it is
denoted by − a); v) c ∈ a + b implies that b ∈ − a + c and
a ∈ c − b, which means (R, +) is reversible. Hyperrings and
hyperfields were introduced by Krasner in [16] using the
canonical hypergroups. (R, +, ·) is called Krasner hyperring
if the following statements hold: i)(R, +) is a canonical
hypergroup; ii)(R, ·) is a semigroup having 0 as
a · 0 � 0 · a � 0, for all a ∈ R; iii)(b + c) · a � (b · a) + (c · a)

and a · (b + c) � (a · b) + (a · c), for all a, b, c ∈ R. Also,
Ameri and Norouzi [17] studied general commutative
hyperrings. Corsini and Leoreanu [18] presented some of the
most important results on hyperrings and illustrated some of
the most recent and interesting applications, that is, those to
geometry, graphs and hypergraphs, binary relations, lattices,
fuzzy sets and rough sets, automata, cryptography, codes,
median algebras, relation algebras and C-algebras, artificial
intelligence and probability. Dasgupta [19] investigated
extensively the prime and primary hyperideals of multi-
plicative hyperrings with absorbing zero. Davvaz and
Leoreanu-Fotea, in their monograph [20], presented the
main results obtained in hyperring theory till the publication
of it, but also an outline of applications of hyperstructures.
Recently, Davvaz [21] published the first monograph on
semihypergroup theory which covers most of the mathe-
matical ideas and techniques required in the study of
semihypergroups. Recently, in [22], r-hyperideals were
mentioned as a generalization of r-ideals in commutative
rings, and in [23], properties of r-hyperideals and some
generalizations of them are investigated in the commutative
Krasner hyperrings. Yeşilot et al. defined a hyperideal ex-
pansion and δ-primary hyperideal in [24]. Let (R,⊕,°) be a
commutative Krasner hyperring, with nonzero unit,
δ: L(R)⟶ L(R) function is defined as a hyperideal ex-
pansion function that meets the following requirements
where L(R) denotes all hyperideals of R: i)N⊆δ(N), for all
N ∈ L(R), ii) If N⊆M, where N, M ∈ L(R), then
δ(N)⊆δ(M). Given an expansion δ of a hyperideal N ofR is
called δ-primary if a°b ∈ N, then a ∈ N or b ∈ δ(N), for all
a, b ∈ R. Ulucak [25] obtained some results on δ-primary
and 2-absorbing δ-primary hyperideals.

In this paper, our goal is to extend the concept of
δ-primary hyperideals to ϕ-δ-primary hyperideals in
Krasner hyperrings and we intend to give some

generalizations of hyperideals. +roughout this paper,
(R,⊕,°) will be a commutative Krasner hyperring with
nonzero identity. We denote the set of all hyperideals of R
by L(R) and the set of all proper hyperideals ofR by L∗(R).
We take ϕ as a function ϕ: L(R)⟶ L(R)∪ ∅{ } at the
sections of generalizations of prime and primary hyper-
ideals. Firstly, we define ϕ-prime and ϕ-primary hyperideals
in Krasner hyperrings and we give some characterizations
for prime and primary hyperideals. Let ϕ be a function such
that ϕ: L(R)⟶ L(R)∪ ∅{ } and N be a hyperideal of R.
N is said to be ϕ-prime (ϕ-primary) hyperideal of R if
a°b ∈ N− ϕ(N), then a ∈ N or b ∈ N (resp., bn ∈ N, for some
n ∈ N), for a, b ∈ R. Among other things, we give some
characterizations in +eorem 2 and +eorem 5 as main
theorems. +en we define ϕ-δ-primary hyperideals in
Krasner hyperrings and also give several characterizations
(See; +eorem 7 and +eorem 11). In this case, difference is
that, ϕ: L(R)⟶ L(R)∪ ∅{ } is a reduction function if
ϕ(N)⊆N and N⊆M implies ϕ(N)⊆ϕ(M) for each
N, M ∈ L(R). We investigate the attitude of ϕ-δ-primary
hyperideal under homomorphism, in quotient ring, in
Cartesian product and other cases (See; +eorem 10,
Proposition 10, Proposition 9, +eorem 12).

2. Generalizations of Prime Hyperideals in
Krasner Hyperrings

+roughout this section, (R,⊕,°) is a commutative Krasner
hyperring with nonzero identity. We denote the set of all
hyperideals ofR by L(R). Initially, we give the definition of
ϕ-prime hyperideal and some examples.

Definition 1. Letϕbe a function such
thatϕ: L(R)⟶ L(R)∪ ∅{ }andNbe a hyperideal ofR.Nis
said to be aϕ-prime hyperideal ofRifa°b ∈ N − ϕ(N),
thena ∈ Norb ∈ N, fora, b ∈ R.

Example 1. LetRbe a commutative Krasner hyperring.
Consider the following func-
tionsϕ: L(R)⟶ L(R)∪ ∅{ }defined as follows:

For any N ∈ L(R),

(i) ϕ⊘(N) � ∅.
(ii) ϕ0(N) � 0.
(iii) ϕ2(N) � N2.
(iv) ϕn(N) � Nn, (for anyn≥ 2)

(v) ϕw(N) � ∩∞n�1N
n.

(vi) ϕ1(N) � N.

It is obvious that
ϕ⊘ ≤ϕ0 ≤ ϕw ≤ · · · ≤ϕn+1 ≤ ϕn ≤ ϕn− 1 ≤ · · · ≤ ϕ2 ≤ϕ1.

Definition 2. LetRbe a hyperring andNbe a proper hyper-
ideal ofR.

(i) Nis prime hyperideal if and only if it isϕ∅-prime
hyperideal.

(ii) Nis weakly prime hyperideal if and only if it isϕ0-
prime hyperideal.
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(iii) Nis almost prime hyperideal if and only if it isϕ2-
prime hyperideal.

(iv) Nisn-almost prime hyperideal if and only if it isϕn-
prime hyperideal.

(v) Nisw-prime hyperideal if and only if it isϕw-prime
hyperideal.

Proposition 1. LetNbe a proper hyperideal ofR.

(1) If σ1, σ2 are two functions with σ1 ≤ σ2 such that
σ1, σ2: L(R)⟶ L(R)∪ ∅{ } and N is σ1-prime,
then N is σ2-prime.

(2) (i)N is prime hyperideal ⇒N is weakly prime
hyperideal ⇒N is w-prime hyperideal ⇒N is
(n + 1)-almost prime hyperideal ⇒N is n-almost
prime hyperideal for any n≥ 2⇒N is almost prime
hyperideal.
(ii) N is w-prime hyperideal if and only if N is
n-almost prime for any n≥ 2.

Proof

(1) Let us assume N is a σ1-prime hyperideal ofR. Take
a°b ∈ N and a°b ∉ σ2(N), for a, b ∈ R. It follows
a°b ∉ σ1(N) because of σ1 ≤ σ2. +erefore a°b ∈ N −

σ1(N) and on the assumption that N is σ1-prime
hyperideal, then a ∈ N or b ∈ N. +at means N is
σ2-prime hyperideal of R.

(2) (i) We can obtain it by the ordering of the ϕi
′s in

Example 1 with the proof of 1.
(ii) Assume that N is w-prime. Let
a°b ∈ N − ϕw(N) � N − ∩∞n�1N

n. +en a°b ∈ N

− ϕn(N), since ϕw ≤ ϕn, from (1) N is ϕn-prime. It
means N is n-almost prime, for all n≥ 2. Conversely,
suppose that N is n -almost prime, for a°b ∈ N − Nn

for all n≥ 2. +us a°b ∈ N − ∩∞n�2N
n. Hence

a°b ∈ N − ∩∞n�1N
n. +erefore a ∈ N or b ∈ N, since

N is n-almost prime. □

Theorem 1. Letϕ: L(R)⟶ L(R)∪ ∅{ }be a function
andTbe a proper hyperideal ofRsuch thatTis aϕ-prime
hyperideal ofR. IfTis not prime, thenT2⊆ϕ(T). Hence at the
same time it means ifT2⊈ ϕ(T), thenTis prime.

Proof. Assume that T2⊈ϕ(T). We need to prove that T is
prime. Take x°y ∈ T for x, y ∈ R. If x°y ∉ ϕ(T), then
x°y ∈ T − ϕ(T). Since T is ϕ-prime, then x ∈ T or y ∈ T. Let
us suppose x°y ∈ ϕ(T). We can presume x°T⊈ϕ(K), so
x°m ∉ ϕ(T) for some m ∈ T. +en x°(y⊕m)⊆T − ϕ(T). So
x ∈ T or y⊕m⊆T, since T is ϕ-prime hyperideal and hence
x ∈ T or y ∈ T. Now on we can assume that x°T⊆ϕ(T).
(Similarly, y°T⊆ϕ(T)) We can find some n, k ∈ T with
n°k ∉ ϕ(T) because of T2⊈ ϕ(T). +en (x⊕n)

°(y⊕k)⊆T − ϕ(T). Since T is ϕ-prime hyperideal, then
(x⊕n)⊆T or (y⊕k)⊆T. So we have x ∈ T or y ∈ T. HenceT is
prime hyperideal of R. □

Corollary 1. IfTis aϕ-prime hyperideal ofRwithϕ≤ϕ3,
thenTisw-prime hyperideal.

Proof. Weknow thatT is ϕ-prime hyperideal whileT is prime,
for every ϕ. +erefore T is w-prime hyperideal of R. Assume
that T is not prime. By+eorem 1, T2⊆ (T)⊆T3. So ϕ(T) � Tn

for every n≥ 2 . +erefore T is n-almost prime hyperideal for
every n≥ 2. Hence T is w-prime hyperideal of R.

Some characterizations of ϕ-prime hyperideals are
provided. □

Theorem 2. LetNbe a proper hyperideal of the commutative
Krasner hyperringRand letϕ: L(R)⟶ L(R)∪ ∅{ }be a
function. >en the following statements hold:

(i) Nisϕ-prime hyperideal ofR.
(ii) Fora ∈ R − N,(N: a) � N∪ (ϕ(N): a).
(iii) Fora ∈ R − N, (N: a) � Nor(N: a) � (ϕ(N): a).
(iv) For each hyperidealsKandLofRsuch thatK°L⊆

NandK°L⊈ϕ(N), we haveK⊆NorL⊆N.

Proof

(i)⇒(ii) Take a ∈ R − N. Suppose that b ∈ (N: a),
then a°b ∈ N. If a°b ∉ ϕ(N), then b ∈ N since N is
ϕ-prime hyperideal of R. If a°b ∈ ϕ(N), then
b ∈ (ϕ(N): a). Hence ((N: a)⊆N ∪ ϕ( ( N): a)). Other
side holds since the assumption of ϕ(N)⊆N.
(ii)⇒(iii) It is obvious because of (N: a) is a hyper-
ideal of R.
(iii)⇒(iv) Let K and L be hyperideals of R such that
K°L⊆N − ϕ(N). Assume thatK⊈N.+en there exists an
element a ∈ K − N, by (iii) we have (N: a) � N or
(N: a) � (ϕ(N): a). If a°L⊈ϕ(N), then L⊈(ϕ(N): a).
Since (iii) holds, then L⊆(N: a) � N. We are done.
Assume that a°L⊆ϕ(N). Since K°L⊈ϕ(N), then we can
choose an element x ∈ K such that x°L⊆N − ϕ(N). If
x ∉ N, then by (iii), (N: x) � N or (N: x)

� (ϕ(N): x). Since L⊆(N: x), but L⊈(ϕ(N): x), then
we conclude that L⊆(N: x) � N. Assume that x ∈ N.
We have a⊕x⊆K − N, and also note that
(a⊕x)°L⊆N − ϕ(N), since a°L⊆ϕ(N) and x°L⊈ϕ(N).
+en L⊆(N: a⊕x) � N which completes the proof.
(iv)⇒(i) Let a°b ∈ N − ϕ(N). +en (a)°(b)⊆N, but
(a)°(b)⊈ϕ(N). So (a)⊆N or (b)⊆N. +en a ∈ N or
b ∈ N.

In +eorem 1 we show that, if T is a ϕ-prime hyperideal
and T is not prime, then T2⊆ ϕ(T ). In the following, a
corollary of +eorem 2 is given, the proof of which is similar
to Corollary 14 [1]. □

Corollary 2. LetT be aϕ-prime hyperideal that is not prime.
>enT°

�����
ϕ(T)

􏽰
⊆ ϕ(T).

Proof. Let a ∈
�����
ϕ(T)

􏽰
. If a ∈ T, then a°T⊆T2⊆ϕ(T) from

+eorem 1. Let us suppose that a ∉ T. From the main
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+eorem 2, (T: a) � T or (T: a) � (ϕ(T): a) as T⊆(T: a)

gives a°T⊆ϕ(T). Let us suppose (T: a) � T. Assume that
an ∈ ϕ(T), but an− 1 ∉ ϕ(T). +en an ∈ T, so
an− 1 ∈ (T: a) � T. Hence an− 1 ∈ T − ϕ(T), so a ∈ T, which
is a contradiction.

In the following, we give a proposition about quotient
and localization of a hyperring. Let S be a multiplicatively
closed subset of a Krasner hyperring R. Define
ϕ: L(R)⟶ L(R)∪ ∅{ } and ϕS: L(RS)⟶ L(RS)∪ ∅{ }

with ϕS(M) � (ϕ(M∩R))S. Also ϕS(M) � ∅, where.
ϕ(M∩R) � ∅.

Let N, M be hyperideals of R and N⊆M. Define
ϕM: L(R/M)⟶ L(R/M) ∪ ∅{ } with
ϕM(N/M) � (ϕ(N)⊕M)/M. Also ϕM(N/M) � ∅, where
ϕ(N) � ∅. □

Proposition 2. Suppose thatϕ: L(R)⟶ L(R)∪ ∅{ }is a
function andT is a ϕ-prime hyperideal ofR.

(i) IfMis a hyperideal ofRwithM⊆T, thenT/MisϕM-
prime hyperideal ofR/M.

(ii) LetSbe a multiplicatively closed subset
ofRwithT∩ S � ∅andϕ(T)S⊆ϕS(TS). >enTSis aϕS-
prime hyperideal ofRS.

Proof

(i) Let x, y ∈ R. Suppose that (x⊕M)°(y⊕M)⊆
(T/M) − ϕM(T/M). So x°y⊕M⊆
T/M − (ϕ(T⊕M))/M ∈. +en x°y ∈ T − ϕ(T⊕M)

We find that x°y ∈ T − ϕ(T) and then x ∈ T or
y ∈ T.+erefore x⊕M⊆T/M or y⊕M⊆T/M. So T/M
is ϕM-prime hyperideal of R/M.

(ii) Let (a/s)°(b/t) ∈ TS − ϕS(TS), for some
a, b ∈ R; s, t ∈ S. +en we have p°a°b ∈ T for some
p ∈ S but q°a°b ∉ ϕ(T)∩R for every q ∈ S. Now if
q°a°b ∈ ϕ(T), then (a/s)°(b/t) ∈ ϕ(T)S⊆ϕS(TS)

which is a contradiction. So p°a°b ∈ T − ϕ(T) and
since T is ϕ-prime hyperideal of R, then we get
either p°a ∈ T or b ∈ T. Hence (a/s) ∈ TS or
(b/t) ∈ TS, since T∩ S � ∅. +us TS is ϕS-prime
hyperideal of RS. □

Theorem 3

(i) LetXandYbe commutative Krasner hyperrings
andNbe a weakly prime hyperideal ofX.
>enM � N⊗Y θis aϕ-prime hyperideal
ofR � X⊗Y, for allϕwithϕw ≤ ϕ≤ ϕ1.

(ii) SupposeRis a commutative Krasner hyperring
andMis a finitely generated proper hyperideal ofR.
AssumingMis aϕ-prime hyperideal
withϕ≤ ϕ3.>enMis either weakly prime orM2 ≠ 0is
idempotent andRdecomposes
asX⊗YwhereY � M2andM � N⊗YwithNbe
weakly prime. As a resultMisϕ-prime for
eachϕwithϕw ≤ϕ≤ϕ1.

Proof

(i) Let N be a weakly prime hyperideal of X. +en M �

N⊗Y not necessarily to be a weakly prime hyper-
ideal of R � X⊗Y; actually M is weakly prime
hyperideal if and only if M is prime hyperideal.
Nevertheless M is a ϕ-prime hyperideal for each ϕ
with ϕw ≤ϕ. If N is prime, then M is prime and
hence ϕ-prime for all ϕ. Assume that N is not prime.
+en N2 � 0. +erefore M2 � 0⊗Y and hereby
ϕw(M) � 0⊗Y. Hence we can write M − ϕw(M) in
this form M − ϕw(M) � N⊗Y − 0⊗Y � (N − 0{ })

⊗Y. Let we take (a1, a2)°(b1, b2) � (a1°b1,
a2°b2) ∈ M − ϕw(M) . It means a1°b1 ∈ N − 0{ }, so
a1 ∈ N or b1 ∈ N. +en (a1, a2) ∈M or (b1, b2) ∈
M. Hence M is ϕw-prime, therefore ϕ-prime
hyperideal.

(ii) If M is prime hyperideal, then M is weakly prime
hyperideal ofR . Suppose that M is not prime. From
+eorem 1, M2⊆ϕ(M); and hence M2⊆ϕ(M)

⊆ϕ3(M) � M3. So M2 � M3, it means M2 is
idempotent. Since M2 is finitely generated, then
M2 � (m) for some idempotent m ∈ R. Assume that
M2 � 0. +en ϕ(M)⊆M3 � 0. Hereby ϕ(M) � 0.
Consequently M is weakly prime hyperideal of R.
Now suppose M2 ≠ 0. Take that Y � M2 � R°m and
X � R°(1⊖m), so R decomposes as X⊗Y where
Y � M2. Let I � M°(1⊖m), so M � N⊗Y where
N2 � (M°(1⊖m))2 � M2°(1⊖m)2 � (m)°(1⊖m)

� 0. To show N is weakly prime hyperideal, let
a°b ∈ N2 − 0{ }; so (a, 1) °(b, 1) � (a°b, 1) ∈ N⊗Y
− (N⊗Y)2 � N⊗Y − 0 ⊗Y⊆M − ϕ(M). Since
ϕ≤ ϕ3, then it follows ϕ(M)⊆M3 � (N⊗Y)3

� 0⊗Y. We obtain that (a, 1) ∈M or (b, 1) ∈M.
+erefore a ∈ N or b ∈ N. As a consequence N is
weakly prime hyperideal of R. □

Proposition 3. LetR1andR2be commutative Krasner
hyperrings and letφi: L(Ri)⟶ L(Ri)∪ ∅{ }be a function
fori � 1, 2. Takeϕ � φ1 × φ2andR � R1 × R2. >enNisϕ-
prime hyperideal ofRif and only ifNis one of the following types:

(i) N � N1 × N2, whereNiis a proper hyperideal
ofRiwithφi(Ni) � Ni.

(ii) N � N1 × R2, whereN1isφ1-prime hyperideal
ofR1that should be prime ifφ2(R2)≠R2.

(iii) N � R1 × N2,whereN2isφ2-prime hyperideal ofR2-
that should be prime ifφ1(R1)≠R1.

Proof. (⇒) (i) Obviously N is ϕ-prime hyperideal, since
N1 × N2 − ϕ(N1 × N2) � ∅

(ii) Let N1 is φ1-prime hyperideal of R1 and
φ2(R2)≠R2. Assume that (a1°b1, a2°b2)
� (a1, a2)°(b1, b2) ∈ N1 × R2 − φ1(N1) × φ2(R2) �

(N1 − φ1(N1)) × (R2 − φ2(R2)) for (a1, a2), (b1, b2)

∈ R � R1 × R2. +us a1°b1 ∈ N1 − φ1(N1) and then
either a1 ∈ N1 or b1 ∈ N1. So (a1, a2) ∈ N1 × R2 or
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(b1, b2) ∈ N1 × R2. +erefore N1 × R2 is ϕ-prime
hyperideal of R.
(iii) +e proof is similar to (ii).
(⇐) Assume that N is a ϕ-prime hyperideal ofRwhere
φi(Ni)≠Ni. Let a°b ∈ N1 − φ1(N1) for some a, b ∈ R1.
So (a, 0)°(b, 0) � (a°b, 0) ∈ N − ϕ(N). Since N is a
ϕ-prime hyperideal ofR, then (a, 0) ∈ N or (b, 0) ∈ N.
So a ∈ N1 or b ∈ N1. +erefore N1 is φ1-prime
hyperideal ofR1. Similarly we can find N2 is φ2-prime
hyperideal of R2. Now we need to show that N1 � R1
or N2 � R2. Suppose that N2 ≠R2. Take
b1 ∈ N1 − φ1(N1), b2 ∈ R2 − N2. +en note that
(1, 0)°(b1, b2) � (b1, 0) ∈ N − ϕ(N). Since N2 ≠R2,
then (1, 0) ∈ N and so we find 1 ∈ N1. We get
N1 � R1. Similarly one can easily find N2 � R2, if
N1 ≠R1. Without loss of generality N1 ≠R1. Now let
we show that N1 is prime hyperideal with φ2(R2)≠R2.
For m′ ∈ R2 − φ2(R2), let x°m ∈ N1 for some
x, m ∈ R1. +en we conclude that
(x, 1)°(m,m′) � (x°m,m′) ∈ N − ϕ(N). Since N is a
ϕ-prime hyperideal of R, then we find (x, 1) ∈ N or
(m, m′) ∈ N which implies that x ∈ N1 or m ∈ N1.
+erefore N1 is a prime hyperideal of R1. If
φ1(R1)≠R1 and N1 � R1, then similarly one can
prove that N2 is a prime hyperideal of R2. □

3. Generalizations of Primary Hyperideals in
Krasner Hyperrings

Similar to the previous section, we consider (R,⊕,°) to be a
commutative Krasner hyperring with nonzero unit. We
denote the set of all hyperideals ofR by L(R). Let we define
ϕ-primary hyperideal.

Definition 3. LetRbe a commutative hyperring andNbe a
proper hyperideal ofR.Letϕbe a function such
thatϕ: L(R)⟶ L(R)∪ ∅{ }.Nis calledϕ-primary hyper-
ideal ofRifa°b ∈ N − ϕ(N), then eithera ∈ Norbk ∈ Nfor
somea, b ∈ R, k ∈ N.

Example 2. LetRbe a commutative Krasner hyperring. >en
we define functionsϕ: L(R)⟶ L(R)∪ ∅{ }such as in Ex-
ample 1. Also we have the same order,ϕ⊘ ≤ϕ0
≤ ϕw ≤ . . . ≤ϕn+1 ≤ϕn ≤ ϕn− 1 ≤ . . . ≤ ϕ2 ≤ϕ1.

Definition 4. LetRbe a hyperring andNbe a proper hyper-
ideal ofR.

(i) Nis primary hyperideal if and only if it isϕ∅-primary
hyperideal.

(ii) Nis weakly primary hyperideal if and only if it isϕ0-
primary hyperideal.

(iii) Nis almost primary hyperideal if and only if it isϕ2-
primary hyperideal.

(iv) Nisn-almost primary hyperideal if and only if it isϕn-
primary hyperideal.

(v) Nisw-primary hyperideal if and only if it isϕw-pri-
mary hyperideal.

Proposition 4. LetN be a proper hyperideal ofR.

(1) Ifσ1,σ2are two functions withσ1 ≤ σ2such
thatσ1,σ2: L(R)⟶ L(R)∪ ∅{ }andNisσ1-primary,
thenNisσ2-primary.

(2) (i)Nis primary hyperideal⇒Nis weakly primary
hyperideal⇒Nisw-primary hyperideal⇒Nis(n + 1)-
almost primary hyperideal⇒Nisn-almost primary
hyperideal, forn≥ 2⇒Nis almost primary hyperideal.
(ii) N is w-primary hyperideal if and only if N is
n-almost primary hyperideal for all n≥ 2.

Proof

(1) We suppose N is a σ1-primary hyperideal ofR. Take
a°b ∈ N − σ2(N) for a, b ∈ R. It means
a°b ∈ N − σ1(N). Because of N is σ1-primary
hyperideal of R , a ∈ N or bk ∈ N, for some k ∈ N.
+erefore N is σ2-primary hyperideal.

(2) (i)We can obtain it by the ordering of the ϕi
′s given in

2. (ii) Assume that a°b ∈ N − Nn for all n≥ 2. +en
a°b ∈ N − ∩∞n�2N

n and we find a°b ∈ N − ∩∞n�1N
n.

Since N is w-primary hyperideal ofR, then we have
a ∈ N or bk ∈ N, for some k ∈ N . Conversely, if
a°b ∈ N − ∩∞n�1N

n, then a°b ∈ N − Nn for some
n≥ 1. Actually a°b ∈ N − Nn for some n≥ 2.
+erefore a ∈ N or bk ∈ N for some k ∈ N, since N is
n-almost primary for all n≥ 2.

+e next theorem shows us how to determine ϕ-primary
hyperideal to be primary. We call it as a
characterization. □

Theorem 4. Letϕ: L(R)⟶ L(R)∪ ∅{ }be a function
andTbe a proper hyperideal ofR, such thatTis aϕ-primary
hyperideal ofR. IfTis not primary, thenT2⊆ϕ(T). Hence at
the same time it means ifT2⊈ϕ(T), thenTis primary hyper-
ideal ofR.

Proof. Assume that T2⊈ϕ(T). We need to see that T is
primary. Take some x°y ∈ T for x, y ∈ R. If x°y ∉ ϕ(T),
then since T is ϕ-primary, x ∈ T or yk ∈ T for some k ∈ N. If
x°y ∈ ϕ(T), assuming that x°T⊈ϕ(T), we get x°p0 ∉ ϕ(T),
where p0 ∈ T. We have x°(y⊕p0)⊆T − ϕ(T). +us x ∈ T or
(y⊕p0)

k⊆T for some k ∈ N. It follows x ∈ T or yk ∈ T. Now
we can assume that x°T⊆ϕ(T). (In the same way we can
assume that y°T⊆ϕ(T)). Because of T2⊈ϕ(T), there exist
p1, q1 ∈ T with p1°q1 ∉ ϕ(T). +en (x⊕p1)

∘ (y⊕q1)⊆T − ϕ(T). As T is ϕ-primary, so (x⊕p1)⊆T or
(y⊕q1)

m⊆T for some m ∈ N. Consequently T is primary
hyperideal of R. □

Corollary 3. IfTis aϕ-primary hyperideal ofR, whereϕ≤ϕ3,
thenTisw-primary hyperideal.

Proof. +e proof is similar to Corollary 1.
In the following, some characterizations of ϕ-primary

hyperideals are provided. □
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Theorem 5. LetNbe a proper hyperideal of the commutative
Krasner hyperringRand letϕ: L(R)⟶ L(R)∪ ∅{ }be a
function. >e following statements hold:

(i) Nisϕ-primary hyperideal ofR.
(ii) Fora ∈ R −

��
N

√
;(N: a) � N∪ (ϕ(N): a).

(iii) Fora ∈ R −
��
N

√
;(N: a) � Nor(N: a) � (ϕ(N): a).

(iv) For each hyperidealsKandLofR,
ifK ∘ L⊆NandK ∘ L⊈ϕ(N), thenK⊆NorL⊆

��
N

√

Proof

(i)⇒(ii) Let N is ϕ-primary hyperideal of R. It is
obvious that N∪ (ϕ(N): a)⊆(N: a). To prove the
other side; for every b ∈ (N: a), we have a ∘ b ∈ N. If
a ∘ b ∈ N − ϕ(N), then b ∈ N since N is ϕ-primary and
a ∈ R −

��
N

√
. If a ∘ b ∈ ϕ(N) then b ∈ (ϕ(N): a). So

(N: a)⊆N∪ (ϕ(N): a). Hence
(N: a) � N∪ (ϕ(N): a).
(ii)⇒(iii) It is obvious because of (N: a) is a hyper-
ideal of R.
(iii)⇒(iv) Let K and L be hyperideals of R, with
K ∘ L⊆N − ϕ(N). Assume that L⊆

��
N

√
. +en there ex-

ists an element a ∈ L −
��
N

√
by (iii) we have (N: a) �

N or (N: a) � (ϕ(N): a). If K ∘ a⊈ϕ(N), then
K⊈(ϕ(N): a). Since (iii) holds, then K⊆(N: a � N).
We are done. Assume that K ∘ a⊆ϕ(N). Since
K ∘ L⊆ϕ(N), then we can choose an element x ∈ L such
that K ∘x⊆N − ϕ(N). If x ∉

��
N

√
, then by (iii),

(N: x) � N or (N: x) � (ϕ(N): x). Since K⊆(N: x),
but K⊆(ϕ(N): x), then we conclude that
K⊆(N: x) � N. So assume that x ∈

��
N

√
. +en we have

a⊕x⊆L −
��
N

√
, and also note that K ∘ (a⊕x)⊆N − ϕ(N),

since K ∘ a⊆ϕ(N) and K ∘ x⊈ϕ(N). +en
K⊆(N: a⊕x) � N which completes the proof.
(iv)⇒(i) Let a ∘ b ∈ N − ϕ(N). +en (a) ∘ (b)⊆N, but
(a) ∘ (b)⊈ϕ(N). So (a)⊆N or (b)⊆

��
N

√
. +erefore

a ∈ N or bm ∈ N for some m ∈ N.

In +eorem 4, we prove that if T is a ϕ-primary
hyperideal that is not primary, then T2⊆ϕ(T). □

Proposition 5. Letϕ: L(R)⟶ L(R)∪ ∅{ }be a function
andTbe aϕ-primary hyperideal ofR.

(i) IfTis an hyperideal ofRwithM⊆T, thenT/MisϕM-
primary hyperideal ofR/M.

(ii) LetSbe a multiplicatively closed subset
ofRwithT∩ S � ∅andϕ(T)S⊆ϕ(TS). >enTSis anϕS-
primary hyperideal ofRS.

Proof

(i) Let x, y ∈ R. We assume that
(x⊕M) ∘ (y⊕M)⊆T/M − ϕM(T/M), it means
x ∘y⊕M⊆T/M − (ϕ(T⊕M))/M. We find
x ∘y ∈ T − ϕ(T⊕M). +en x ∘y ∈ T − ϕ(T) and so

x ∈ T or yk ∈ T for some k ∈ N. Hence x⊕M⊆T/M
or (y⊕M)k⊆T/M. +is gives us T/M is ϕM-primary
hyperideal of R/M.

(ii) Let (a/s) ∘ (b/t) ∈ TS − ϕS(TS), for some
a, b ∈ R; s, t ∈ S. +en we have p ∘ a ∘ b ∈ T for some
p ∈ S but q ∘ a ∘ b ∉ ϕ(T)∩R for every q ∈ S. Now if
q ∘ a ∘ b ∈ ϕ(T), then (a/s) ∘ (b/t) ∈ ϕ(T)S⊆ϕS(TS)

gives us a contradiction. So p ∘ a ∘ b ∈ T − ϕ(T) and
since T is ϕ-primary, then we get either p ∘ a ∈ T or
bk ∈ T for some k ∈ N. +erefore a/s ∈ TS or
bk/tk ∈ TS because of

��
T

√
∩ S � ∅ it is same with

T∩ S � ∅). +us TS is ϕS-primary hyperideal of
RS. □

Theorem 6

(i) LetX, Ybe commutative Krasner hyperrings andNbe
a weakly primary hyperideal ofX. >enM � N⊗Yis
aϕ-primary hyperideal ofR � X⊗Y, for
allϕwithϕw ≤ϕ≤ ϕ1.

(ii) LetRbe a commutative Krasner hyperring andMbe a
finitely generated proper hyperideal ofR, such
thatMis aϕ-primary hyperideal withϕ≤ ϕ3. >enMis
either weakly primary orM2 ≠ 0is idempotent
andRdecomposes asX⊗Y, whereY � M2andM

� N⊗Y, whereNis weakly primary. As a resultMisϕ-
primary for eachϕwithϕw ≤ϕ≤ϕ1.

Proof

(i) Let N be a weakly primary hyperideal of X. M is
weakly primary if and only if M is primary. Nev-
ertheless M is a ϕ-primary hyperideal for each ϕwith
ϕw ≤ ϕ. If N is primary, then M is primary and hence
ϕ-primary for all ϕ. Assume that N is not primary.
+en N2 � 0. +erefore M2 � 0⊗Y and hereby
ϕw(M) � 0⊗Y. Hence we can write M − ϕw(M) in
this form M − ϕw(M)

� N⊗Y − 0⊗Y � (N − 0{ })⊗Y. Let we take (a1,

a2)°(b1, b2) � (a1°b1, a2°b2) ∈M − ϕw( M). It means
a1°b1 ∈ N − 0{ }, so a1 ∈ N or bs

1 ∈ N for some s ∈ N.
+en (a1, a2) ∈ N⊗Y or (b1, b2)

s ∈ N⊗Y. Hence
M � N⊗Y is ϕw-primary, therefore M is ϕ -primary
hyperideal.

(ii) If M is primary hyperideal, then M is weakly pri-
mary hyperideal of R. Suppose that M is not pri-
mary. From +eorem 4, M2⊆ϕ(M) and hence
M2⊆ϕ(M)ϕ3(M) � M3. So M2 � M3, which means
M2 is idempotent. Since M2 is finitely generated,
then M2 � (m) for some idempotent m ∈ R. As-
sume that M2 � 0. +en ϕ(M)⊆M3 � 0. Hereby
ϕ(M) � 0. Consequently, M is weakly primary
hyperideal of R. Now let us suppose M2 ≠ 0. Take
Y � M2 � R ∘m and X � R ∘ (1⊖m), so R de-
composes as X⊗Y, where Y � M2. Let
X � M ∘ (1⊖m), so M � N⊗Y, where
N2 � (M ∘ (1⊖m))2 � M2 ∘ (1⊖m)2 � (m)
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∘ (1⊖m) � 0. To show N is weakly primary hyper-
ideal, let a ∘ b ∈ N2 − 0{ }. +us
(a, 1) ∘ (b, 1) � (a ∘ b, 1) ∈ N⊗Y − (N⊗Y)2

� N⊗Y − 0⊗Y⊆M − ϕ(M), since ϕ≤ϕ3 implies
ϕ(M)⊆M3 � (N⊗Y)3 � 0⊗Y. We obtain that
(a, 1) ∈M or (b, 1)t ∈M, for some t ∈ N. +erefore
a ∈ N or bt ∈ N. As a consequence, N is weakly
primary hyperideal of R. □

Proposition 6. LetR1andR2be commutative Krasner
hyperrings and letφi: L(Ri)⟶ L(Ri)∪ ∅{ }be a function,
fori � 1, 2. Takeφ � φ1 × φ2andR � R1 × R2. >enNisϕ-
primary hyperideal ofRif and only ifNis one of the following
types:

(i) N � N1 × N2whereNiis a proper hyperideal
ofRiwithφi(Ni) � Ni.

(ii) N � N1 × R2whereN1isφ1-primary hyperideal
ofR1that should be primary ifφ2(R2)≠R2.

(iii) N � R1 × N2whereN2isφ2-primary hyperideal
ofR2that should be primary ifφ1(R1)≠R1.

Proof. (⇒) (i) Obviously N is ϕ-primary hyperideal, since
N1 × N2 − ϕ(N1 × N2) � ∅.

(ii) Let N1 be φ1-primary hyperideal of R1 and
φ2(R2)≠R2. Assume that (a1 ∘ b1, a2 ∘ b2)
� (a1, a2) ∘ ( b1, b2) ∈ N1 × R2 − φ1(N1) × φ2(R2) �

(N1 − φ1(N1)) × (R2 − φ2(R2)), for
(a1, a2), (b1, b2) ∈ R � R1 × R2. We have
a1 ∘ b1 ∈ N1 − φ1(N1), then either a1 ∈ N1 or bk

1 ∈ N1,
for some k ∈ N, since N1 is φ1-primary hyperideal of
R1. So (a1, a2) ∈ N1 × R2 or (bk

1, bk
2) � (b1, b2)

∈ N1 × R2. +erefore N1 × R2 is ϕ-primary hyper-
ideal of R.
(iii) +e proof is similar to (ii).
(⇐) Suppose that N is a ϕ-primary hyperideal of R,
where φi(Ni)≠Ni. Let a ∘ b ∈ N1 − φ1(N1), for some
a, b ∈ R1. +us (a, 0) ∘ (b, 0) � (a ∘ b, 0) ∈ N − ϕ(N).
Since N is a ϕ-primary hyperideal ofR, then (a, 0) ∈ N

or (b, 0)k ∈ N for some K ∈ N. So a ∈ N1 or bk ∈ N1.
+erefore N1 is φ1 -primary hyperideal ofR1. Similarly
we can find N2 is φ2-primary hyperideal of R2. We
have to show now that N1 � R1 or N2 � R2. Suppose
that N2 ≠R2. Let take b1 ∈ N1 − φ1(N1),
b2 ∈ R2 − N2. +en note that (1, 0) ∘ (b1, b2)

� (b1, 0) ∈ N − ϕ(N). Since N2 ≠R2, (1, 0)t � (1, 0)

∈ N (N2 ≠R2), then we find 1 ∈ N1 and so we get
N1 � R1. Similarly one can easily find N2 � R2, if
N1 ≠R1. Without loss of generality N1 ≠R1. Now let
we show that N1 is primary hyperideal with
φ2(R2)≠R2. For m′ ∈ R2 − φ2(R2), let x ∘m ∈ N1,
for some x, m ∈ R1 . +en we conclude that
(x, 1) ∘ (m, m′) � (x ∘m, m′) ∈ N − ϕ(N). Since N is a
ϕ-primary hyperideal ofR, then we find (x, 1)S ∈ N for
some s ∈ N or (m, m′) ∈ N which implies that xs ∈ N1
or m ∈ N1. +erefore N1 is a primary hyperideal ofR1.

If φ1(R1)≠R1 and N1 � R1, then similarly one can
prove that N2 is a primary hyperideal of R2. □

4. ϕ-δ-Primary Hyperideals in
Krasner Hyperrings

Let N be a proper hyperideal of hyperringR. Denote the set
of all hyperideals of R, by L(R) and denote the set of all
proper hyperideals of R, by L∗(R). +e function
ϕ: L(R)⟶ L(R)∪ ∅{ } is said to be reduction function if
ϕ(N)⊆N and N⊆M implies ϕ(N)⊆ϕ(M), for each
N, M ∈ L(R) and δ be an expansion function such that
δ: L(R)⟶ L(R). Now, we give some examples related to
reduction and expansion functions.

Example 3. LetRbe a commutative Krasner hyperring with a
nonzero identity. Let us consider the following
functionsδonL(R), for anyN ∈ L(R),

(i) δ0(N) � N, i.e.,δis the identity function.
(ii) δ1(N) �

��
N

√
, i.e.,δis the radical operation.

(iii) δres(N) � (N: M)for a fixedM ∈ L(R).
(iv) δann(N) � ann(ann(N)).
(vi) δM(N) � N⊕Mfor a fixedM ∈ L(R).

All the above functions are examples of expansion on
L(R).

Example 4. LetRbe a commutative Krasner hyperring with a
nonzero identity. Consider the following func-
tionsϕ: L(R)⟶ L(R)∪ ∅{ }defined as follows: for
anyN ∈ L(R):

(i) ϕ∅(N) � ∅.
(ii) ϕ∅(N) � 0.
(iii) ϕ1(N) � N.
(iv) ϕ2(N) � N2.
(v) ϕk(N) � Nk.
(vi) ϕk(N) � ∩∞i�1Ni.

All the above functions are reduction on L(R). Re-
member that
ϕ∅ ≤ϕ0 ≤ ϕw ≤ . . . ≤ϕn+1 ≤ ϕn ≤ ϕn+1 ≤ . . . ≤ ϕ2 ≤ϕ1.

Definition 5. Letδbe a hyperideal expansion,ϕbe a hyperideal
reduction andNbe a proper hyperideal ofR.Nis said to be aϕ-
δ-primary hyperideal ifa ∘ b ∈ N − ϕ(N), then eithera
∈ Norb ∈ δ(N)for eacha, b ∈ R.

Remark 1. [24] Ifδ1, δ2, . . . , δnare hyperideal expansions,
thenδ � ∩ n

i�1δiis also an hyperideal expansion.

Definition 6. LetRbe a hyperring andNbe a proper hyper-
ideal ofR

(i) Nis prime hyperideal if and only if it isϕ∅-δ0-pri-
mary hyperideal [24].
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(ii) Nis primary hyperideal if and only if it isϕ∅-
δ1-primary hyperideal [24].

(iii) Nisϕ-prime hyperideal if and only if it isφ-δ0-pri-
mary hyperideal.

(iv) Nisϕ-primary hyperideal if and only if it isφ-
δ1-primary.

(v) Nisδ-primary hyperideal if and only if it isφ∅-
δ-primary hyperideal.

(vi) Nis weakly prime hyperideal if and only if it isϕ0-
δ0-primary hyperideal.

(vii) Nis almost prime hyperideal if and only if it isφ2-
δ0-primary hyperideal.

Suppose that ϕ, σ are reductions on L(R). +en we write
φ≤ σ if ϕ(N)⊆σ(N), for all N ∈ L(R). Similarly, for any two
expansions δ, c on L(R); δ ≤ c if δ(N)⊆c(N), for each
N ∈ L(R).

Definition 7. LetRbe a hyperring andNbe a proper hyper-
ideal ofR.

(i) IfNisϕ0-δ-primary hyperideal, thenNis said to be a
weaklyδ-primary hyperideal ofR.

(ii) IfNisϕ2-δ-primary hyperideal, thenNis said to be an
almostδ-primary hyperideal ofR.

(iii) IfNisϕn-δ-primary hyperideal, thenNis said to be
anr1-almostδ-primary hyperideal ofR.

(iv) IfNisϕw-δ-primary hyperideal, thenNis said to be
aw-δ-primary hyperideal ofR.

Proposition 7. LetRbe a hyperring,Nbe a proper hyperideal
ofR,ϕ,φbe reductions onL(R)andδ, cbe expansions onL(R).
>e following statements hold:

(i) Ifϕ≤ σ, then everyϕ-δ-primary hyperideal is aσ-
δ-primary hyperideal.

(ii) Ifδ ≤ c, then everyϕ-δ-primary hyperideal is aϕ-
c-primary hyperideal.

(iii) Everyϕ-prime hyperideal is aϕ-δ-primary hyperideal.

(iv) Everyδ-primary hyperideal is aϕ-δ-primary
hyperideal.

(v) Suppose thatNis proper hyperideal ofR.Nis weaklyδ-
primary⇒Nisw-δ-primary hyperideal⇒Nisr1-
almostδ-primary, for eachn≥ 2⇒Nis almostδ-
primary.

Proof. (i)(ii): Straightforward.
(iii): It follows from (ii) and Definition 6 (iii), since
δ0 ≤ δ.
(iv): It follows from (i) and Definition 6 (iii), since
ϕ∅ ≤ ϕ.
(v): It follows from (i) and the fact that
ϕ∅ ≤ ϕw ≤ ϕn ≤ ϕ2. □

Proposition 8. Letϕbe a hyperideal reduction,δbe a hyper-
ideal expansion and mi: i ∈ Δ􏼈 􏼉be a directed family ofϕ-
δ-primary hyperideals ofR. >enM � ∪ ieΔMiis aϕ-δ-pri-
mary hyperideal.

Proof. Let mi: i ∈ Δ􏼈 􏼉 be a directed family of ϕ-δ -primary
hyperideals ofR. Assume that a ∘m ∈M − ϕ(∪ ieΔMi). +is
implies that a ∘m ∈Mi − ϕ(Mi), for some i ∈ Δ. We get
either a ∘m ∈Mi or m ∈ δ(Mi), because of M1 is a
ϕ-δ-primary. If a ∈Mi, then clearly we have a ∈ ∪ ieΔMi. If
m ∈ δ(Mi), then we havem ∈ δ(∪ ieΔMi), sinceM⊆∪ ieΔMi.
Hence M � ∪ ieΔMi is a ϕ-δ-primary hyperideal.

In the following, we give a characterization for
ϕ-δ-primary hyperideals such that ϕ is a hyperideal re-
duction and δ is a hyperideal expansion. □

Theorem 7. LetRbe a Krasner hyperring andNbe a proper
hyperideal ofR. >en the following statements hold:

(i) Nis aϕ-δ-primary hyperideal;
(ii) For eacha ∈ R − δ(N), (N: a) � N∪ (ϕ(N): a);
(iii) For eacha ∈ R − δ(N), (N: a) � Nor(N: a) � (ϕ(N): a);

(iv) For each
hyperidealK, LofR, K ∘L⊆NandK ∘ L⊆ϕ(N)imply
thatK⊆NorL⊆δ(N).

(v) For each hyperidealMofRsuch thatM⊈δ(N),
then(N: M) � Nor(N: M) � (ϕ(N): M).

Proof. (i)⇒(ii) Suppose that N is a ϕ-δ-primary hyper-
ideal and a ∈ R − δ(N). It is clear that
N∪ (ϕ(N): a)⊆(N: a). Let m ∈ (N: a). +en
we have a ∘m ∈ N. If a ∘m ∈ ϕ(N), then we
obtain m ∈ (ϕ(N): a)⊆N∪ (ϕ(N): a). Assume
that a ∘m ∉ ϕ(N). Since a ∘mN − ϕ(N) and
a ∉ δ(N), then we get m ∈ N⊆N∪ (ϕ(N): a).
Hence, (N: a) � N∪ (ϕ(N): a).

(ii)⇒(iii) It follows from the fact that a hyperideal is a
union of two hyperideals. +en it must be equal to one
of them.
(iii)⇒(iv): Let K ∘L⊆N, for some hyperideals K and L

ofR. Assume that L⊈δ(N) and K⊈N. +en there exists
m ∈ L − δ(N). We have to show K ∘L⊆ϕ(N). By (iii),
we have either (N: m) � N or (N: m) � (ϕ(N): m). If
K ∘m⊆N, then by (iii), we get K⊆(N: m) � N For
a ∈ K − N, it means a ∈ (N: m) − N. Hence by part
(iii), (N: m) � (ϕ(N): m). +us K⊆(N: m)

� (ϕ(N): m) implies that K ∘m⊆ϕ(N). On the other
side, suppose that m ∈ δ(N). +en m ∈ L∪ δ(N).
Choose an element m′ ∈ L − δ(N) so m⊕m′⊆L − δ(N).
Hence K ∘m′⊆ϕ(N) and K ∘ (m⊕m′)⊆ϕ(N). Let
a ∈ K. +en a(m⊕m′)⊖a ∘m′ � a ∘m′⊆ϕ(N). +us
K ∘m⊆ϕ(N). +erefore K ∘L⊆ϕ(N).
(iv)⇒(v): Suppose that M is a hyperideal of R such
that M⊈δ(N). Also, note that M ∘ (N: M)⊆N. If
M ∘ (N: M)⊆ϕ(N), then we have (N: M)⊆(ϕ(N)
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: M)⊆(N: M). Assume that M ∘ (N: M)⊈ϕ(N). +en
by (iv), (N: M)⊆N⊆(N: M).
(v)⇒(i): Suppose that a ∘m ∈ N − ϕ(N), with
a ∉ δ(N), for a, m ∈ R. Put R ∘ a � M and note that
m ∈ (N: M). +en by (v), we get either m ∈ (N: M) �

N or m ∈ (N: M) � (ϕ(N): M). +e latter case is
impossible, since a ∘m ∉ ϕ(N). +erefore, N is a
ϕ-δ-primary hyperideal. □

Theorem 8

(i) LetTbe aϕ-δ-primary hyperideal ofRsuch
that(ϕ(T): a) � ϕ(T: a), for eacha ∈ R.
>en(T: a)is aϕ-δ-primary hyperideal ofR.

(ii) Suppose thatδ ≤ δ1are hyperideal expansions andTis
aϕ-δ-primary hyperideal ofRsuch
thatδ1(ϕ(T))⊆δ(T). >enδ(T) � δ1(T).

Proof

(i) Let T be a ϕ-δ-primary hyperideal of R such that
(ϕ(T): a) � ϕ(T: a), for each a ∈ R. We show that
(T: a) is a ϕ- δ-primary hyperideal ofR. For this, let we
take x, m ∈ R such that x ∘m ∈ (T: a) − ϕ(T: a). +en
we have x ∘ a ∘m ∈ T. Since (ϕ(T): a) � ϕ(T: a), then
we also have x ∘ a ∘m ∉ ϕ(T). Since T is a ϕ-δ-primary
hyperideal, then we get either x ∈ δ(T) or a ∘m ∈ T

implying either x ∈ δ(T: a) or m ∈ (T: a). +erefore,
(T: a) is a ϕ-δ -primary hyperideal of R.
(ii) Since δ ≤ δ1 then we have δ(T)⊆

��
T

√
� δ1(T). For

the converse, take x ∈
��
T

√
. +en there exists minimal

k ∈ N such that xk ∈ T, that is, xk− 1 ∉ T. If K � 1, then
we have x ∈ T⊆δ(T). Now, assume that K> 1. We have
two cases. Case 1: Let x ∈ δ1(ϕ(T)) �

�����
ϕ(T)

􏽰
. +en we

have x ∈ δ(T). Case 2: Let x ∉
�����
ϕ(T)

􏽰
. +en we have

xk ∉
�����
ϕ(T)

􏽰
, that is, xk− 1 ∘ (x ∘R)⊆T and

x ∘ (xk− 1 ∘R)⊈ϕ(T). Since T is a ϕ-δ -primary
hyperideal of R, then by +eorem 7, x ∈ δ(T) or
xK− 1 ∘R⊆T. +e latter case is impossible, since
xK− 1 ∉ T. +us in both cases, we have x ∈ δ(T).
+erefore, δ(T) � δ1(T). □

Theorem 9. LetTbe aϕ-δ-primary hyperideal ofRsuch
thatδ(T) ∘T⊆ϕ(T). >enTis aδ-primary hyperideal ofR.

Proof. Let a ∘m ∈ T, for some a, m ∈ R. If a ∘m ∉ ϕ(T),
then we conclude either a ∈ δ(T) or m ∈ T as T is an ϕ-δ
-primary hyperideal of R. Assume that a ∘m ∈ ϕ(T). If
a ∘T⊈ϕ(T), then there exists n ∈ T such that a ∘ n ∉ ϕ(T).
+us we have a ∘ (m⊕n)⊆T − ϕ(T), which implies either
a ∈ δ(T) or m⊕n⊆T. +en we get a ∈ δ(T) or m ∈ T, which
completes the proof. Assume that a ∘T⊆ϕ(T). Similarly, we
may assume that δ(T) ∘m⊆ϕ(T) . As δ(T) ∘T⊆ϕ(T), we can
find b ∈ δ(T) and m′ ∈ T such that b ∘m′⊆ϕ(T). +en we
conclude that (a⊕b) ∘ (m⊕m)′⊆T − ϕ(T) . Since T is a

ϕ-δ-primary hyperideal ofR, then we have either a⊕b⊆δ(T)

or m⊕m⊆T, which implies that a ∈ δ(T) or m ∈ T. +ere-
fore, T is a δ-primary hyperideal of R. □

Definition 8

(i) [24] A hyperideal expansionδis said to be global if for
any hyperring good homomorphismμ: R⟶ 􏽢S,
δ(μ− 1(M)) � μ− 1(δ(M)), for eachM ∈ L(􏽢S).

(ii) A hyperideal reductionϕis said to be a global if for any
homo-
morphismμ: R⟶ 􏽢S, ϕ(μ− 1(M)) � μ− 1(δ(M)), for
eachM ∈ L(􏽢S).

For instance, the hyperideal reductions ϕ0, ϕ1 and the
hyperideal expansions δ0, δ1 are both global.

Theorem 10. Letμbe a good homomorphism from Krasner
hyperring(R,⊕, ∘ )into a Krasner hyperring(􏽢S, +, ·). >e
following statements hold:

(i) Letμ: R⟶ 􏽢Sbe a good homomorphism andMbe
aϕ-δ-primary hyperideal of􏽢Ssuch thatϕis global re-
duction function andδis global expansion function.
>enμ− 1(M) � Rorμ− 1(M)is aϕ-δ-primary hyper-
ideal ofR.

(ii) Letμ: R⟶ 􏽢Sbe a good epimorphism andNbe a
hyperideal ofRcontainingKer(μ). Suppose thatϕis
global reduction function andδis global expansion
function. >enNis aϕ-δ-primary hyperideal ofRif
and only ifμ(N)is aϕ-δ-primary hyperideal of􏽢S.

Proof

(i) Let μ: R⟶ 􏽢S be a hyperring homomorphism and
M be a ϕ-δ-primary hyperideal of 􏽢S such that
μ− 1(M) ≠R. Assume a ∘m ∈ μ− 1(M) − ϕ(μ− 1(M)),
for some a, m ∈ R. Since ϕ is global, then ϕ(μ− 1(M)) �

μ− 1(ϕ(M)) and thus a ∘m ∈ μ− 1(M) − (μ− 1ϕ(M)).
+is implies that μ(a ∘m) � μ(a) · μ(m) ∈M � ϕ(M).
Since M is a ϕ-δ-primary hyperideal of 􏽢S, then we have
either μ(a) ∈ δ(M) or μ(m) ∈M. Since M⊆μ− 1(M),
then we get a ∈ μ− 1(δ(M)) � δ(μ− 1(M)) or
M⊆μ− 1(M). +erefore, μ− 1(M) is a ϕ-δ-primary
hyperideal.
(ii) Let us suppose that μ(N) is a ϕ-δ-primary
hyperideal of 􏽢S, where N is a hyperideal of R con-
taining Ker(μ). By (i), μ− 1(μ(N)) � N is a
ϕ-δ-primary hyperideal ofR. For the converse, let N be
a ϕ-δ-primary hyperideal of R and
a′ · m′ ∈ μ(N) − ϕ(μ(N)), for some a′, m′ ∈ 􏽢S. +en
∃a, m ∈ R with μ(a) � a′ and μ(m) � m′, since μ is
surjective. a′ · m′ � μ(a) ·μ(m) � μ(a

°m) � μ(x) ∈ μ(N) − ϕ(μ(N)), for some x ∈ R. So
0 ∈ μ(a°m) − μ(x) � μ(a°m⊖x). Hence there exists
t ∈ a°m⊖x such that μ(t) � 0􏽢S. a°m ∈ t⊕x⊆Ker(μ)

+N⊆N + N⊆ N. +en ϕ is global and Ker(μ)⊆N, we
have ϕ(μ(N)) � μ(ϕ(N)) and also a°m ∈ N − ϕ(N).
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Since N is a ϕ-δ-primary hyperideal ofR, then we have
either a ∈ δ(N) or m ∈ N. Since N⊆μ(N), then we
have a′ � μ(a) ∈ δ(μ(N)) or m′ � μ(m) ∈ μ(N).
+erefore, μ(N) is a ϕ-δ-primary hyperideal of 􏽢S.

As an instant consequence of the previous theorem, we
get the following explicit results. □

Corollary 4

(i) LetNbe aϕ-δ-primary hyperideal ofRandMbe a
hyperideal ofRwithM⊈N. Suppose thatϕis global
reduction function andδis global expansion function.
>enN∩Mis aϕ-δ-primary hyperideal ofM.

(ii) LetNandMbe two hyperideals ofRwithM⊆N. Sup-
pose thatϕis global reduction function andδis a global
expansion function. >enNis aϕ-δ-primary hyper-
ideal ofRif and only ifN/Mis aϕ-δ-primary hyper-
ideal ofR/M.

Theorem 11. LetNbe a hyperideal ofR. >enNis aϕ-
δ-primary hyperideal ofRif and only ifN/ϕ(N)is a weaklyδ-
primary hyperideal ofR/ϕ(N).

Proof. Assume that N is a ϕ-δ-primary hyperideal ofR. Let
(a⊕ϕ(N))°(m⊕ϕ(N))⊆N/ϕ(N) − 0R/ϕ(N)􏽮 􏽯. +en we have
a°m ∈ N − ϕ(N). Since N is a ϕ-δ-primary hyperideal ofR,
then we get a ∈ δ(N) or m ∈ N, which implies
a⊕ϕ(N) ∈ δ(N/ϕ(N)) or m⊕ϕ(N)⊆N/ϕ(N). Hence,
N/ϕ(N) is a weakly δ-primary hyperideal of R/ϕ(N). For
the converse, let a, m ∈ R such that a°m ∈ N − ϕ(N). +is
implies that (a⊕ϕ(N))°(m⊕ϕ(N))⊆N/ϕ(N) − 0R/ϕ(N)􏽮 􏽯.
Since N/ϕ(N) is a weakly δ-primary hyperideal ofR/ϕ(N),
then we get a⊕ϕ(N) ∈ δ(N/ϕ(N)) or m⊕ϕ(N)⊆N/ϕ(N)

implying a ∈ δ(N) or m ∈ N. +erefore, N is a ϕ-δ -primary
hyperideal of R.

Let R be a commutative Krasner hyperring, S⊆R be a
multiplicatively closed subset of R and T be a proper
hyperideal of R. □

Proposition 9. LetϕS: L(RS)⟶ L(RS)∪ ∅{ }be a hyper-
ideal reduction function andδS: L(RS)⟶ L(RS)be a
hyperideal expansion function such thatδS(NS) � δ(N)S, for
eachN ∈ L(R). IfTis aϕ-δ-primary hyperideal such
thatT∩ S � ∅andϕ(T)S⊆ϕS(TS), thenTSis aϕS-δS-primary
ofRS.

Proof. Let a/s°m/t ∈ TS − ϕS(TS), for some
a, m ∈ R; s, t ∈ S. +en we have p°a°m ∈ T − ϕ(T), for some
p ∈ S, since ϕ(T)S⊆ϕS(TS). Since T is a ϕ-δ-primary
hyperideal ofR, then we have either a ∈ δ(T) or p°m ∈ T. If
a ∈ δ(T), then a/s ∈ δ(T)S � δS(TS). If p°m ∈ T, then we
have m/t � p°m/p°t ∈ TS. +erefore, TS is a ϕS-δS-primary
hyperideal of RS.

Let φi: L(Ri)⟶ L(Ri)∪ ∅{ } be hyperideal reduction
functions and ci: L(Ri)⟶ L(Ri) be hyperideal expansion
functions for i � 1, 2. Suppose thatR � R1 × R2. Also, each
hyperideal N ofR has the form N � N1 × N2, where Ni is a

hyperideal of Ri. Furthermore, ϕ: L(R)⟶ L(R)∪ ∅{ }

defined by ϕ(N1 × N2) � φ1(N1) × φ2(N2) is a hyperideal
reduction function and also the function δ: L(R)⟶ L(R)

defined by δ(N1 × N2) � c1(N1) × c2(N2) is a hyperideal
expansion function. □

Proposition 10. Let the notation be as in the above
pharagraph andN � N1 × N2. >en each of the types
ofNareϕ-δ-primary hyperideals ofR � R1 × R2.

(i) N � N1 × N2, whereNiis a proper hyperideal
ofRiwithφi(Ni) � Ni.

(ii) N � N1 × R2, whereN1isc1-primary hyperideal
ofR1.

(iii) N � R1 × N2, whereN2isc2-primary hyperideal
ofR2.

(iv) N � N1 × R2, whereN1isφ1-c1-primary hyperideal
ofR1andφ2(R2) � R2.

(v) N � R1 × N2, whereN2 isφ2-c2-primary hyperideal
ofR2andφ1(R1) � R1..

Proof

(i) Obviously N is ϕ-δ-primary hyperideal, since
N1 × N2 − ϕ(N1 × N2) � ⊘.

(ii) Let N � N1 × R2, where N1 is c1-primary hyper-
ideal of R1. We can see that N1 × R2 is δ -primary
hyperideal of R1. By the Proposition 7, N is ϕ
-δ-primary hyperideal of R.

(iii) +e proof is similar to (ii).
(iv) Suppose that

(a1 , a2)°(m1 ,m2) ∈ N1 × R2 − ϕ(N1 × R2) � φ1(N1) × φ2(R2). +en

(a1°m1 , a2°m2) ∈ (N1 − φ1(N1)) × (R2 − φ2(R2)). Since N1 is

φ1-c1-primary hyperideal ofR1, then we get either a1 ∈ N1 or m1 ∈ c1(N1).

So (a1 , a2) ∈ N1 × R2 or (m1 , m2) ∈ c1(N1) × R2⊆c1(N1) × c2(R2). It

means N is a ϕ-δ-primary hyperideal of R.

(v) +e proof is similar to (iv). □

Theorem 12. Let the notation be as in the Proposition
10,N � N1 × N2, whereφ2(Ni)≠Ni. >enNis aφ, δprimary
hyperideal ofRif and only ifNis one of the following types:

(i) N � N1 × R2, whereN1isφ1, c1-primary hyperideal
ofR1that should bec1-primary ifφ2(R2)≠R2.

(ii) N � R1 × N2, whereN2isφ2, c2-primary hyperideal
ofR2that should bec2-primary ifφ1(R1)≠R1.

Proof. (⇐) It follows from the Proposition 10.
(⇒) Suppose that N is a φ, δ-primary hyperideal ofR,
where φi(Ni)≠Ni. Let a ∘m ∈ N1 − φ1(N1), for some
a, m ∈ R1. +us
(a, 0) ∘ (m, 0) � (a ∘m, 0) ∈ N − φ(N). Since N is a
φ-δ -primary hyperideal of R, then (a, 0) ∈ N or
(m, 0) ∈ δ(N). So a ∈ N1 or m ∈ c1(N1). +erefore N1
is φ1, c1-primary hyperideal of R1. Similarly, we can
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find N2 is φ2-c2-primary hyperideal ofR2. We have to
show now that N1 � R1 or N2 � R2. Suppose that
N2 ≠R2. Let we take m1 ∈ N1 − φ1(N1),
m2 ∈ − R2 − N2. Notice that (1, 0) ∘ δ(m1, m2)

� (m1, 0) ∈ N − φ(N). +is implies that (1, 0) ∈ δ(N),
so we find 1 ∈ c1(N1). +en N1 � R1. Similarly, one
can easily find N2 � R2, if N2 ≠R2. Without loss of
generality N1 ≠R1. Let we show now that N1 is c1
primary hyperideal with φ2(R2)≠R. For
m ∈ R2 − φ2(R2), let x ∘m ∈ N, for some x, m ∈ R1.
We have that
(x, 1) ∘ (m, m′) � (x ∘m, m′) ∈ N − φ(N). Since N is a
φ-δ primary hyperideal ofthen we find (x, 1) ∈ δ(N) �

c1(N1) × c2(N2) or (m, m′) ∈ N which implies that
x ∈ c1(N1) or m ∈ N1. +erefore N1 is a c1-primary
hyperideal of R1 If ϕ(R1)≠R1 and N1 ≠R1, then
similarly one can prove that N2 is a c2 primary
hyperideal of R2. □

5. Conclusion

In this paper, generalizations of prime and primary
hyperideals were provided using the function ϕ. We in-
troduced ϕ-prime, ϕ primary and ϕ-δ primary hyperideals
and several characterizations to classify them were provided.
Many properties of ϕ prime, ϕ -primary and ϕ-δ-primary
hyperideals under particular cases were investigated. In the
future work, one can develop the study of ϕ-δ-primary
hyperideals.
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